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ON ALGEBRAS OF FINITE COHEN-MACAULAY TYPE
APOSTOLOS BELIGIANNIS
Abstract. We study Artin algebras Λ and commutative Noetherian complete local rings R in
connection with the following decomposition property of Gorenstein-projective modules:
p:q any Gorenstein-projective module is a direct sum of finitely generated modules.
We show that the class of algebras Λ enjoying p:q coincides with the class of virtually Gorenstein
algebras of finite Cohen-Macaulay type, introduced in [29, 26]. Thus we solve the problem stated
in [35]. This is proved by characterizing when a resolving subcategory is of finite representation
type in terms of decomposition properties of its closure under filtered colimits, thus generalizing
a classical result of Auslander [9] and Ringel-Tachikawa [64]. In the commutative case, if R
admits a non-free finitely generated Gorenstein-projective module, then we show that R is of
finite Cohen-Macaulay type iff R is Gorenstein and satisfies p:q. We also generalize a result of
Yoshino [71] by characterizing when finitely generated modules without extensions with the ring
are Gorenstein-projective. Finally we study the (stable) relative Auslander algebra of a virtually
Gorenstein algebra of finite Cohen-Macaulay type and, under the presence of a cluster-tilting
object, we give descriptions of the stable category of Gorenstein-projective modules in terms of
the cluster category associated to the quiver of the stable relative Auslander algebra. In this
setting we show that the cluster category is invariant under derived equivalences.
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1. Introduction
Finitely generated modules of Gorenstein dimension zero over a Noetherian ring R were intro-
duced by Maurice Auslander in the mid-sixties, see [6, 11], as a natural generalization of finite
projective modules in order to provide finer homological invariants of Noetherian rings. Since then
they found important applications in commutative algebra, Algebraic Geometry, singularity theory
and relative homological algebra. Later on the influential works of Auslander and Buchweitz [12, 33]
gave a more categorical approach to the study of modules of Gorenstein-dimension zero.
In general the size and the homological complexity of the category GprojR of finitely generated
modules of Gorenstein dimension zero, also called, depending on the setting, Gorenstein-projective,
totally reflexive, or maximal Cohen-Macaulay, modules, measure how far the ring R is from being
Gorenstein. A particularly nice feature of GprojR is that its stable version GprojR modulo projec-
tives is triangulated, so stable homological phenomena concerning the ring take place in GprojR. For
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instance GprojR admits a full triangulated embedding into the triangulated category of singularities
of R, in Orlov’s sense [60], which is an equivalence if and only if R is Gorenstein. On the other
hand it was a discovery of many people that also representation-theoretic properties of the category
GprojR have important consequences for the structural shape of the ring, see Yoshino’s book [70] for
more details. For instance if the Noetherian ring R is commutative, complete, local and Gorenstein,
then R is a simple singularity provided that the category GprojR is of finite representation type, i.e.
the set of isomorphism classes of its indecomposable objects is finite. In this case R is said to be of
finite Cohen-Macaulay type, finite CM-type for short. In many cases also the converse holds. For
instance in the recent paper [37], Christensen, Piepmeyer, Striuli and Takahashi proved that if a
commutative Noetherian local ring R is of finite CM-type and admits a non-free finitely generated
module of Gorenstein dimension zero, then R is Gorenstein and an isolated singularity, which is a
simple hypersurface singularity if in addition R is complete.
In the non-commutative setting, Enochs-Jenda in [40] generalized the notion of finitely generated
modules of Gorenstein dimension zero over a Noetherian ring in order to cover, not necessarily
finitely generated, modules over any ring R, under the name Gorenstein-projective modules; the
corresponding full subcategory is henceforth denoted by GProjR. Enochs and his collaborators
studied extensively relative homological algebra based on Gorenstein-projective modules, see the
book [41] for more details and Christensen’s book [36] for an hyperhomological approach. In the
context of Artin algebras, Auslander-Reiten [14, 15] and Happel [42], see also [33, 29], studied finitely
generated Gorenstein-projective modules and they established strong connections with cotilting
theory and the shape of the singularity category. The results in the commutative setting suggest
that there is a strong link between representation-theoretic properties of the category GprojR and
global structural properties of the ring R, especially when R is Gorenstein. In this connection
the class of virtually Gorenstein Artin algebras was introduced in [29], and studied extensively
in [26, 28], as a convenient common generalization of Gorenstein algebras and algebras of finite
representation type. Note that Λ is virtually Gorenstein if and only if any Gorenstein-projective
module is a filtered colimit of finitely generated Gorenstein-projective modules, so in this case one
has a nice control of the objects of GProjR in terms of the objects of GprojR.
Our aim in this paper is to study representation theoretic aspects of Gorenstein-projective mod-
ules. In particular we are mainly interested in the class of Artin algebras and/or commutative
Noetherian complete local rings of finite CM-type, and the structure of the category of Gorenstein-
projective modules and how they are built from finitely generated ones.
The organization and the main results of the paper are as follows.
In section 2, for completeness and reader’s convenience, we collect several preliminary notions
and results that will be useful throughout the paper and we fix notation. In section 3, generalizing
and extending classical results of Auslander [9], Ringel-Tachikawa [64], and others, we give several
characterizations of when a resolving subcategory of the category mod-Λ of finitely generated mod-
ules over an Artin algebra Λ is of finite representation type in terms of decomposition properties
of its closure under filtered colimits, see Theorem 3.1 and Corollary 3.5. We also point-out some
consequences concerning submodule categories, Weyl modules over quasi-hereditary algebras and
torsion pairs.
In section 4, by applying the results of the previous section, we present a host of characterizations,
more precisely 13 equivalent conditions, of when an Artin algebra enjoys the decomposition property
p:q: any Gorenstein-projective module is a direct sum of finitely generated modules; see Theorem
4.10 and Corollary 4.11. In particular we prove that this class of algebras coincides with the class of
virtually Gorenstein algebras of finite CM-type. Since virtually Gorenstein algebras contain properly
the Gorenstein algebras, we obtain as a direct consequence an extension of the main result of Chen
[35], and at the same time we give a complete solution to the problem/conjecture stated in [35], see
Corollary 4.13. We also characterize arbitrary Artin algebras of finite CM-type, see Theorem 4.18.
In the commutative case, we characterize the commutative Noetherian complete local rings of finite
CM-type admitting a non-free finitely generated Gorenstein-projective module as the Gorenstein
rings satisfying p:q; see Theorem 4.20. As a consequence any commutative Noetherian complete
local Gorenstein ring satisfying p:q is a simple singularity.
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Due to their importance in the homological or representation-theoretic structure of an Artin
algebra, it is useful to have convenient descriptions of the category GprojΛ. In this connection
Jorgensen-Sega [47] and Yoshino [71] studied the problem of when a finitely generated module
without non-zero extensions with the ring, i.e. a stable module, is Gorenstein-projective. By the
results of [47] this is not always true for certain commutative Noetherian local rings pR,m, kq. On
the other hand Yoshino proved that all stable R-modules are Gorenstein-projective provided that
R is Henselian and the full subcategory KR of all stable modules is of finite representation type, see
[71]. Recall that for a full subcategory X Ď mod-R, KX denotes the left Ext-orthogonal subcategory
of X consisting of all modules A P mod-R such that ExtnRpA,Xq “ 0, @X P X, @n ě 1. The
right Ext-orthogonal subcategory XK of X is defined in a dual way. Recently Takahashi [68] proved
a far reaching generalization: if KR contains a non-projective module and k admits a right KR-
approximation, then R is Gorenstein and then KR “ GprojR. In section 5 we extend and generalize
Yoshino’s results in the non-commutative setting, in fact to a large class of abelian categories. In
particular we give a complete answer to the question of when all stable modules over a virtually
Gorenstein algebra Λ, or more generally over an algebra for which GprojΛ is contravariantly finite,
are Gorenstein-projective, i.e. when KΛ “ GprojΛ. In fact the main result of section 5 shows that
this happens if and only if the category KΛXpGprojΛqK is of finite representation type (in that case
it coincides with the full subcategory of finite projective modules), see Theorem 5.2. This has some
consequences for the, still open, Gorenstein Symmetry Conjecture, (GSC) for short, see [29, 17, 26],
which predicts that any Artin algebra with finite one-sided self-injective dimension is Gorenstein.
We show that (GSC) admits the following representation-theoretic formulation: an Artin algebra
Λ with finite right self-injective dimension is Gorenstein if and only if GprojΛ is contravariantly
finite and the full subcategory KΛ X pGprojΛqK of mod-Λ is of finite representation type. On the
other hand we show that if R is a commutative Noetherian complete local Gorenstein ring, then
all infinitely generated stable modules are Gorenstein-projective if and only if R is Artinian, so the
infinitely generated versions of the above results rarely hold in the commutative setting.
In section 6, motivated by Auslander’s homological theory of representation-finite Artin alge-
bras Λ, see [7], we consider relative Auslander algebras ApXq, defined as endomorphism rings of
representation generators, i.e. modules containing as direct summands all types of indecomposable
modules, of contravariantly finite resolving subcategories X Ď mod-Λ. Recall that Auslander proved
that ApXq has global dimension at most 2, when X “ mod-Λ for an Artin algebra Λ of finite rep-
resentation type. In section 6 we compute the global dimension of ApXq in terms of the resolution
dimension of mod-Λ with respect to X. In particular any natural number or infinity can occur. As a
consequence we characterize Gorenstein abelian categories of finite Cohen-Macaulay type, thus gen-
eralizing and, at the same time, giving a simple proof to the main result of [59], see Corollary 6.13.
Then we concentrate on relative, resp. stable, Auslander algebras ApGprojΛq, resp. ApGprojΛq, of
Artin algebras Λ of finite CM-type which we call (stable) Cohen-Macaulay Auslander algebras. We
show that the global dimension of ApGprojΛq is bounded by the Gorenstein dimension G-dimΛ of
Λ, so it is finite if and only if Λ is Gorenstein, whereas ApGprojΛq is always self-injective. As a
consequence maxt2,G-dimΛu is an upper bound for the dimension, in the sense of Rouquier [67], of
the derived category Dbpmod-Λq of Λ. In the commutative case we show that the global dimension
of the Cohen-Macaulay Auslander algebra ApGprojRq of a commutative Noetherian complete local
ring R of finite CM-type is at most maxt2, dimRu, and exactly dimR if dimR ě 2, so this number
is an upper bound of the dimension of Dbpmod-Rq. Finally we give an application to the periodicity
of Hochschild (co)homology of the stable Cohen-Macaulay Auslander algebra ApGprojΛq which is
based on results of Buchweitz [34].
The final section 7 of the paper is devoted to the study of finitely generated Gorenstein-projective
rigid modules, i.e. modules without self-extensions, or cluster tilting Gorenstein-projective modules,
in the sense of Keller-Reiten [49] or Iyama [44], over an Artin algebra Λ in connection with the
property that Λ is of finite CM-type. We show that Cohen-Macaulay finiteness of Λ is intimately
related to the representation finiteness of the stable endomorphism ring EndΛpT q of a Gorenstein-
projective rigid module T , and in case T is cluster tilting the two finiteness conditions are equivalent.
As a consequence we show that if EndΛpT q is of finite CM-type, then the representation dimension
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rep. dimEndΛpT q of EndΛpT q, in the sense of Auslander [7], is at most 3, and is exactly 3 if and only
if Λ is of infinite CM-type. Finally by using that the stable triangulated category GprojΛ of finitely
generated Gorenstein projective modules over a virtually Gorenstein algebra Λ admits Serre duality
[26] and recent results of Amiot [1] and Keller-Reiten [49, 50], we give descriptions of GprojΛ, in
case the latter is 2-Calabi-Yau in the sense of [49] and EndΛpT q has finite global dimension, in terms
of the cluster category CQ associated to the quiver Q of EndΛpT q. In particular we show that, under
the above assumptions, the cluster category CQ is invariant under derived equivalences.
2. Preliminaries
In this section we fix notation and, for completeness and reader’s convenience, recall some well-
known notions and collect several preliminary results which will be used throughout the paper.
2.1. Locally Finitely Presented Categories. Let A be an additive category with filtered colim-
its. An object X in A is called finitely presented if the functor A pX,´q : A ÝÑ Ab commutes
with filtered colimits. We denote by fpA the full subcategory of A consisting of the finitely pre-
sented objects. If U is a full subcategory of A we denote by lim
ÝÑ
U the closure of U in A under
filtered colimits, that is limÝÑU is the full subcategory of A consisting of all filtered colimits of ob-
jects from U. We recall that A is called locally finitely presented if fpA is skeletally small and
A “ lim
ÝÑ
fpA .
For instance let C be a skeletally small additive category with split idempotents. Then the
category Mod-C of contravariant additive functors C op ÝÑ Ab is locally finitely presented and
fpMod-C “ mod-C is the full subcategory of coherent functors over C . Recall that an addi-
tive functor F : C Ñ Ab is called coherent [5], if there exists an exact sequence C p´, Xq ÝÑ
C p´, Y q ÝÑ F ÝÑ 0. The categories C -Mod and C -mod are defined by C -Mod “ Mod-C op, and
C -mod “ mod-C op respectively. Note thatmod-C is abelian if and only if C has weak kernels. Recall
that C has weak kernels if any mapX2 ÝÑ X3 in C can be extended to a diagramX1 ÝÑ X2 ÝÑ X3
in C such that the induced sequence of functors C p´, X1q ÝÑ C p´, X2q ÝÑ C p´, X3q is exact; in
this case the map X1 ÝÑ X2 is called a weak kernel of X2 ÝÑ X3. Weak cokernels are defined
dually. Note that a locally finitely presented category A has products iff fpA has weak cokernels
and A is abelian iff A is a Grothendieck category, see [38]. In this case A is called locally finite
if any finitely presented object has finite Jordan-Ho¨lder length, equivalently fpA is Artinian and
Noetherian.
2.1.1. Representation Categories, Purity and the Ziegler Spectrum. Let A “ limÝÑ fpA be a locally
finitely presented additive category. The representation category LpA q of A is defined to be the
functor category LpA q :“ Mod-fpA . It is well-known that LpA q reflects important representation
theoretic properties of A via the representation functor
H : A ÝÑ LpA q, A ÞÝÑ HpAq “ A p´, Aq|fpA
which induces an equivalence H : A
«
ÝÑ FlatpfpA q, where for an additive category C , FlatC
denotes the full subcategory of Mod-C consisting of all flat functors; recall that F : C op ÝÑ Ab is
called flat if F is a filtered colimit of representable functors. Assume now that A has products. A
sequence p˚q : 0 ÝÑ A ÝÑ B ÝÑ C ÝÑ 0 in A is called pure-exact if the induced sequence 0 ÝÑ
HpAq ÝÑ HpBq ÝÑ HpCq ÝÑ 0 is exact in LpA q. An object E in A is called pure-projective,
resp. pure-injective, if for any pure-exact sequence p˚q as above, the induced sequence 0 ÝÑ
A pE,Aq ÝÑ A pE,Bq ÝÑ A pE,Cq ÝÑ 0, resp. 0 ÝÑ A pC,Eq ÝÑ A pB,Eq ÝÑ A pA,Eq ÝÑ 0
is exact. It is easy to see that the full subcategory of A consisting of the pure-projective objects
coincides with AddpfpA q. Recall that if X is a full subcategory of A , then AddX, resp. addX,
denotes the full subcategory of A consisting of the direct summands of all small, resp. finite,
coproducts of objects of X. The locally finitely presented category A is called pure-semisimple if
any pure-exact sequence in A splits. Equivalently A “ AddpfpA q, or the representation category
LpA q is perfect, i.e. any flat functor is projective.
We denote by ZgpA q the collection of the isomorphism classes of indecomposable pure-injective
objects of A . It is well-known that ZgpA q is a small set and admits a natural topology, the Ziegler
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topology, defined as follows. Let Φ be a collection of maps between finitely presented objects. An
object E is called Φ-injective if for any map φ : X ÝÑ Y in Φ, the induced map A pφ,Eq is surjective.
We denote by InjpΦq the collection of Φ-injective objects of A . Then the subsets of ZgpA q of the
form UΦ :“ ZgpA q
Ş
InjpΦq constitute the closed sets of the Ziegler topology of ZgpA q, i.e. a
subset U of ZgpA q is Ziegler-closed if U “ UΦ for some collection of maps Φ in fppA q. A subset
C of ZgpA q is Ziegler-open if its complement ZgpA qzC is Ziegler-closed. We refer to [53] for more
details.
2.2. Contravariantly Finite Subcategories, Filtrations, and Cotorsion Pairs. Let A be an
additive category. If V is a full subcategory of A , then a map f : A ÝÑ B in A is called V-epic if the
map A pV, fq : A pV, Aq ÝÑ A pV, Bq is surjective. V is called contravariantly finite if there exists
a V-epic fA : VA ÝÑ A with VA in V. In this case fA, or VA, is called a right V-approximation of A.
Covariantly finite subcategories, V-monics and left V-approximations are defined dually. V is called
functorially finite if it is both contravariantly and covariantly finite. A map f : V ÝÑ A is called
right minimal if any endomorphism α of V such that α˝f “ f is an automorphism. A right minimal
right V-approximation is called a minimal right V-approximation. Left minimal maps and minimal
left approximations are defined dually. The objects of the stable category A {V of A modulo V
are the objects of A ; the morphism spaces are defined by A {VpA,Bq :“ A pA,Bq{AVpA,Bq where
AVpA,Bq is the subgroup of A pA,Bq consisting of all maps factorizing through an object from
V. We have the natural projection functor pi : A ÝÑ A {V, pipAq “ A and pipfq :“ f , which is
universal for additive functors out of A killing the objects of V.
Now let A be abelian. We denote by ProjA , resp. InjA , the full subcategory of the projective,
resp. injective, objects of A . Let U be a full subcategory of A . The stable categories U{ProjA and
U{ InjA are denoted by U and U respectively. U is called resolving if U contains the projectives and
is closed under extensions and kernels of epimorphisms. Coresolving subcategories are defined in a
dual way. Typical examples of (co)resolving subcategories are the left and right Ext-orthogonal
subcategories KU and UK of U defined as follows:
KU :“
 
A P A | ExtnA pA,Uq “ 0, @n ě 1, @U P U
(
UK :“
 
A P A | ExtnA pU,Aq “ 0, @n ě 1, @U P U
(
Definition 2.1. A pair pX,Yq of full subcategories of A is called a cotorsion pair if: ExtnpX,Yq “
0, @n ě 1, and for any object A P A , there exist short exact sequences
0 ÝÑ YA
gA
ÝÑ XA
fA
ÝÑ A ÝÑ 0 and 0 ÝÑ A
gA
ÝÑ Y A
fA
ÝÑ XA ÝÑ 0 (2.1)
where XA, XA P X and YA, Y
A P Y. The heart of the cotorsion pair pX,Yq is the full subcategory
XX Y.
Cotorsion pairs in the above sense are also known in the literature as complete hereditary co-
torsion pairs. It follows easily that if pX,Yq is a cotorsion pair in A , then X is contravariantly
finite resolving and XK “ Y, and Y is covariantly coresolving and X “ KY. Moreover the heart
ω “ XX Y is an Ext-injective cogenerator of X and an Ext-projective generator of Y. Recall that a
full subcategory ω of X is called an Ext-injective cogenerator of X provided that for any object
X P X, there exists a short exact sequence 0 ÝÑ X ÝÑ T ÝÑ X 1 ÝÑ 0, where T lies in ω, X 1 lies
in X, and Ext1A pX, T q “ 0. Ext-projective generators are defined dually. A cotorsion pair pX,Yq in
A is called projective if X X Y “ ProjA . Note that if A has enough projectives and pX,Yq is a
projective cotorsion pair in A , then the stable category X is triangulated and the subcategory Y is
thick in the sense that Y is closed under extensions, direct summands, kernels of epimorphisms and
cokernels of monomorphisms. Moreover the canonical map ExtnA pX,Aq ÝÑ A pΩ
nX,Aq is invert-
ible, @n ě 1, @X P X, @A P A . Here Ω is the Heller’s loop space functor on the stable category A .
Injective cotorsion pairs are defined dually; we refer to [29] for more details. If the abelian category
A is cocomplete, then a cotorsion pair pX,Yq in A is called smashing if Y is closed under all small
coproducts. If A is in addition locally finitely presented, then the cotorsion pair pX,Yq is called of
finite type if there is a subset S of fpA such that Y “ SK.
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If X is a full subcategory of A , we denote by res. dimXA the X-resolution dimension of A P A
which is defined as the minimal number n such that there exists an exact sequence 0 ÝÑ Xn ÝÑ
Xn´1 ÝÑ ¨ ¨ ¨ ÝÑ X0 ÝÑ A ÝÑ 0, where the Xi lie in X. If no such number n exists, then we
set res. dimXA “ 8. The X-resolution dimension res. dimX A of A is defined by res. dimX A “
suptres. dimXA |A P A u. The coresolution dimensions cores. dimXA and cores. dimX A are defined
dually. Finally we denote by FiltX the full subcategory of A consisting of all direct summands of
objects A admitting a finite filtration
0 “ An`1 Ď An Ď An´1 Ď ¨ ¨ ¨ ¨ ¨ ¨ Ď A2 Ď A1 Ď A0 “ A (2.2)
such that the subquotients Ai{Ai`1, for i “ 0, 1, ¨ ¨ ¨ , n, lie in X.
2.3. Compactly Generated Triangulated Categories. Let T be a triangulated category which
admits all small coproducts. An object T in T is called compact if the functor TpT,´q : T ÝÑ Ab
preserves all small coproducts. We denote by Tcpt the full subcategory of T consisting of all compact
objects. It is easy to see that Tcpt is a thick subcategory of T, that is, Tcpt is closed under direct
summands and if two of the objects in a triangle X ÝÑ Y ÝÑ Z ÝÑ Xr1s in T lie in Tcpt, then
so does the third. The triangulated category T is called compactly generated if Tcpt is skeletally
small and generates T in the following sense: an object X in T is zero provided that TpC,Xq “ 0,
for any compact object C P Tcpt.
2.3.1. Representation Categories. Let T be a compactly generated triangulated category. Then
clearly the category FlatpTcptq of flat contravariant functors tTcptuop ÝÑ Ab, which coincides with
the category of cohomological functors over Tcpt, has products. We call Mod-Tcpt “ LpFlatpTcptqq
the representation category of T and we denote it by LpTq :“ Mod-Tcpt. In contrast to the case
of locally finitely presented categories, the representation functor
H : T ÝÑ LpTq “ Mod-Tcpt, HpAq “ Tp´, Aq|Tcpt
is in general not fully faithful, due to the presence of phantom maps, i.e. maps A ÝÑ B in T
such that the induced map TpX,Aq ÝÑ TpX,Bq is zero for any compact object X . In fact H is
faithful if and only if H induces an equivalence H : T
«
ÝÑ FlatpTcptq if and only if T is phantomless,
i.e. there are no non-zero phantom maps in T; equivalently T is a (pure-semisimple) locally finitely
presented category. However H is homological, has image in FlatpTcptq, and detects zero objects:
HpAq “ 0 if and only if A “ 0. In general for the representation functor H : T ÝÑ FlatpTcptq we
have, in general non-reversible, implications: H is faithful ñ H is full ñ H is surjective on objects,
see [22] for details.
2.3.2. Purity and the Ziegler Spectrum. A triangle pT q : A ÝÑ B ÝÑ C ÝÑ Ar1s in T is called
pure if the induced sequence 0 ÝÑ HpAq ÝÑ HpBq ÝÑ HpCq ÝÑ 0 is exact in LpTq. An object
E in T is called pure-projective, resp. pure-injective, if for any pure-triangle pT q as above,
the induced sequence 0 ÝÑ TpE,Aq ÝÑ TpE,Bq ÝÑ TpE,Cq ÝÑ 0, resp. 0 ÝÑ TpC,Eq ÝÑ
TpB,Eq ÝÑ TpA,Eq ÝÑ 0 is exact. Then T is called pure-semisimple if any pure-triangle
splits. This happens if and only if any object of T is pure-projective, i.e. T “ AddTcpt, if and
only if any object of T is pure-injective if and only if T is phantomless. Note that the collection
ZgpTq of isoclasses of indecomposable pure-injective objects of T form a small set, called the Ziegler
spectrum, and admits a natural topology, the Ziegler topology, as in the case of locally finitely
presented categories. We refer to [25] for more details.
Conventions and Notations. If Λ is a ring, we denote by Mod-Λ the category of right Λ-
modules. Left Λ-modules are treated as right Λop-modules. The category of finitely presented right
Λ-modules is denoted by mod-Λ. The category of projective, resp. injective, modules is denoted by
ProjΛ, resp. InjΛ. The stable category of Mod-Λ, resp. mod-Λ, modulo projectives is denoted by
Mod-Λ, resp. mod-Λ, and the stable category of Mod-Λ, resp. mod-Λ, modulo injectives is denoted
byMod-Λ, resp. mod-Λ. If X is a subcategory ofMod-Λ, we use the notations X and X for the stable
categories of X modulo projectives and injectives respectively. Moreover we set X fin :“ XXmod-Λ.
In particular we set pProjΛq fin “ projΛ and pInjΛq fin “ injΛ. If X Ď mod-Λ, then we denote
by KX the full subcategory tA P Mod-Λ | ExtnΛpA,Xq “ 0, @X P Xu, and dually for X
K. Then
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KX “ pKXq fin “ KX X mod-Λ. If Λ is an Artin R-algebra over a commutative Artin ring R, we
denote by D the usual duality of Artin algebras which is given by HomRp´, Eq : Mod-Λ ÝÑ Mod-Λ
op
where E is the injective envelope of R{radpRq. The Jacobson radical of Λ is denoted by r. For all
unexplained notions and results concerning the representation theory of Artin algebras we refer to
the book [17].
The additive categories considered in this paper are assumed to admit finite direct sums and
all full subcategories are closed under isomorphisms. The composition of morphisms in a given
category is meant in the diagrammatic order: the composition of f : A ÝÑ B and g : B ÝÑ C is
denoted by f ˝ g. However functors are composed in the usual anti-diagrammatic way.
3. Contravariantly Finite Resolving Subcategories
Recall that an additive category A is called a Krull-Schmidt category if any object of A is a
finite coproduct of indecomposable objects and any indecomposable object has local endomorphism
ring. Assume that A is a skeletally small Krull-Schmidt category. We denote by IndA the set of
isoclasses of indecomposable objects of A . We say that A is of finite representation type if the
set IndA is finite. In this case A admits a representation generator, i.e. an object T such that
A “ addT . If F : A ÝÑ Ab is a covariant or contravariant additive functor, then the support of F
is defined by SuppF “ tA P IndA |F pAq ‰ 0u.
Let Λ be an Artin algebra. Our aim in this section is to prove the following result which
gives characterizations for a contravariantly finite resolving subcategory X of mod-Λ to be of finite
representation type in terms of decomposition properties of the closure of X under filtered colimits.
Theorem 3.1. Let X be a contravariantly finite resolving subcategory of mod-Λ, and let A “ limÝÑX.
Then the following statements are equivalent.
(i) X is of finite representation type.
(ii) Any module in A is a direct sum of finitely generated modules.
(iii) The representation category LpA q “ Mod-X is locally finite.
(iv) The functor p´, XΛ{rq P Mod-X has finite length.
(v) Any indecomposable module in A is finitely generated.
(vi) Any module in A is a direct sum of indecomposable modules.
(vii) A is equivalent to the category of projective modules over an Artin algebra.
(viii) X is equivalent to the category of finitely generated projective modules over an Artin algebra.
Proof. Consider the representation functor H : A ÝÑ LpA q “ Mod-X, HpAq “ HomΛp´, Aq|X,
which induces an equivalence A « FlatpXq. By a result of Krause-Solberg [57], the category X is
also covariantly finite. It follows that X is a functorially finite extension closed subcategory ofmod-Λ.
Therefore X is a dualizing R-subvariety of mod-Λ in the sense of [18]. In particular X has left and
right almost split maps, in the sense of [18], and there exists an equivalence pmod-Xopqop « mod-X,
see [13].
(i) ñ (ii) Assuming (i), let T be a representation generator of X, i.e. X “ addT . If Γ :“
EndΛpT q
op, then LpA q “ Mod-X « Mod-Γ. Since Γ is an Artin algebra we have A “ limÝÑX «
FlatpprojΓq « ProjΓ and therefore any module in A is a direct sum of (indecomposable) finitely
generated modules.
(ii) ñ (iii) ñ (iv) By hypothesis the locally finitely presented category A “ limÝÑX is pure-
semisimple. By the several object version of the well-known result of Bass, see [38], this implies
that for any chain
X0
f0
ÝÑ X1
f1
ÝÑ X2 ÝÑ ¨ ¨ ¨ ¨ ¨ ¨ ÝÑ Xn
fn
ÝÑ Xn`1 ÝÑ ¨ ¨ ¨ ¨ ¨ ¨ (3.1)
of non-isomorphisms between indecomposable modules in X, the composition f0 ˝ f1 ˝ ¨ ¨ ¨ ˝ fm
is zero for large m. We claim that any 0 ‰ F P X-Mod has a simple subfunctor. Assuming
that this is not the case, we construct a chain of maps as in (3.1) as follows. Since F ‰ 0,
there exists an indecomposable module X0 in X such that F pX0q ‰ 0. This means that there
is a non-zero map α0 : pX0,´q ÝÑ F ; in particular the functor F0 “ Imα0 is non-zero. Let
α0 “ ε0 ˝ i0 : pX0,´q ։ F0 ֌ F be the canonical factorization of α0. By hypothesis F0 is not
simple and therefore F0 contains a proper non-zero subfunctor µ0 : F1 ֌ F0. Since F1 is non-zero,
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there exists an indecomposable module X1 in X and a non-zero map α1 : pX1,´q ÝÑ F1. Since
pX1,´q is a projective functor, the composition α1 ˝µ0 : pX1,´q ÝÑ F1 ÝÑ F0 factors through the
epimorphism ε0 : pX0,´q ։ F0, i.e. pf0,´q ˝ ε0 “ α1 ˝ µ0 for some map f0 : X0 ÝÑ X1. Observe
that f0 is non-zero since α1 ‰ 0. Let F2 “ Imα1 and let α1 “ ε1 ˝ i1 : pX1,´q ։ F2 ֌ F1 be
the canonical factorization of α1. Since the non-zero functor F2 is a subfunctor of F , by hypothesis
it is not simple. Hence F2 contains a non-zero proper subfunctor µ1 : F3 ֌ F2. Then as above
there exists an indecomposable module X2 in X and a non-zero map α2 : pX2,´q ÝÑ F3. Since the
functor pX2,´q is projective, the map α2 ˝ µ1 factors through ε1: pf1,´q ˝ ε1 “ α2 ˝ µ1 for some
map f1 : X1 ÝÑ X2. Observe that pf0 ˝ f1,´q ˝ α0 “ pf1,´q ˝ pf0,´q ˝ α0 “ α2 ˝ µ1 ˝ i1 ˝ µ0 ˝ i0.
Then f0 ˝ f1 ‰ 0 since α2 is non-zero and µ1 ˝ i1 ˝ µ0 ˝ i0 is a composition of monics. Pictorially
then we have the following diagram:
¨ ¨ ¨ pX3,´q
α3

pf2,´q //❴❴❴❴❴❴❴ pX2,´q
α2

pf1,´q //❴❴❴❴❴❴❴
ε2
{{{{✇✇
✇✇
✇✇
✇✇
✇
pX1,´q
α1

pf0,´q //❴❴❴❴❴❴❴
ε1
{{{{✇✇
✇✇
✇✇
✇✇
✇
pX0,´q
ε0
{{{{✇✇
✇✇
✇✇
✇✇
✇
α0

¨ ¨ ¨ F4  q
i2
##●
●●
●●
●●
●●
F2  q
i1
##●
●●
●●
●●
●●
F0  q
i0
##●
●●
●●
●●
●●

¨ ¨ ¨ F5
-

µ2
;;✇✇✇✇✇✇✇✇✇
F3
-

µ1
;;✇✇✇✇✇✇✇✇✇
F1
-

µ0
;;✇✇✇✇✇✇✇✇✇
F
Continuing in this way we produce a chain of maps between indecomposable modules in X as in
(3.1) with non-zero composition f0 ˝ f1 ˝ ¨ ¨ ¨ ˝ fn : X0 ÝÑ Xn`1, @n ě 0. This contradiction shows
that any non-zero functor X ÝÑ Ab contains a simple subfunctor. On the other hand since X has
left and right almost split maps, by a well-known result of Auslander [8] it follows that the functor
category X-Mod is locally finite, i.e. the coherent functors X-mod form a length category. Then the
existence of a duality pX-modqop « mod-X implies that mod-X is a length category, i.e. Mod-X is
also locally finite. If this holds, then any representable functor, in particular p´, XΛ{rq, is of finite
length.
(iv) ñ (i) By a result of Auslander-Reiten [14] we have X “ FiltpXΛ{rq, that is, X consists of the
direct summands of modules A admitting a finite filtration
0 “ At`1 Ď At Ď At´1 Ď ¨ ¨ ¨ ¨ ¨ ¨ Ď A2 Ď A1 Ď A0 “ A (3.2)
such that the subquotients Ai{Ai`1, for 0 ď i ď t, lie in the set XpSq “ tXS1 , XS2 , ¨ ¨ ¨ , XSmu, where
S “ tS1, S2, ¨ ¨ ¨ , Smu is the set of isoclasses of the simple Λ-modules and XSi ÝÑ Si is the minimal
right X-approximation of Si. Note that addXpSq “ addpXΛ{rq. By induction on the length t of the
filtration p3.2q it follows directly that A P Suppp´, XΛ{rq and consequently IndpXq Ď Suppp´, XΛ{rq.
Hence
IndpXq “ Suppp´, XΛ{rq (3.3)
Since the functor p´, XΛ{rq has finite length, there exists a composition series in Mod-X:
0 “ Fn`1 Ď Fn Ď Fn´1 Ď ¨ ¨ ¨ ¨ ¨ ¨ Ď F2 Ď F1 Ď F0 “ p´, XΛ{rq (3.4)
where each subquotient Si :“ Fi{Fi`1 is simple. It follows that |SuppSi| ă 8, 0 ď i ď n, since
if X1, X2 are indecomposable objects in X with SipX1q ‰ 0 ‰ SipX2q, for some i, then X1 – X2.
Since clearly
Supp p´, XΛ{rq “
nď
i“0
SuppSi (3.5)
we have Supp p´, XΛ{rq ă 8. Then (3.3), shows that |IndX| ă 8, so X is of finite representation
type.
(ii)ô (v) Clearly (ii)ñ (v). Assume that any indecomposable module in A is finitely generated.
Consider the Ziegler spectra ZgpA q and ZgpMod-Λq of the locally finitely presented categories
A “ limÝÑX and Mod-Λ “ limÝÑmod-Λ. Then ZgpA q “ IndpXq since any indecomposable module in
A is finitely generated and any finitely generated module over an Artin algebra is pure-injective in
Mod-Λ. On the other hand since X has left almost split morphisms, there exists a left almost split
morphism φ : X ÝÑ Y in X, for any point X in IndpXq. If F lies in IndpXqztXu and α : X ÝÑ F is a
map, then α factors through φ since otherwise α would be split monic implying that X – F which
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is not the case. Hence IndpXqztXu consists of φ-injectives, i.e. IndpXqztXu is closed and therefore
tXu is Ziegler-open. This means that any point X in ZgpA q is isolated in the Ziegler topology of
ZgpA q. We claim that ZgpA q is a quasi-compact space, i.e. any open cover of ZgpA q admits a
finite subcover. So assume that ZgpA q “
Ť
iPI Vi where each Vi is Ziegler-open subset. Then Vi
is of the form Vi “ tG P ZgpA q | the map HomΛpY,Gq ÝÑ HomΛpX,Gq is not surjective
(
for
some collection of maps X ÝÑ Y between modules in X. However each Vi is also a Ziegler-open
in ZgpMod-Λq since pure-injective modules in A remain pure-injective in Mod-Λ and X consists of
finitely generated modules. Since the space ZgpMod-Λq is quasi-compact, see [53], we infer that
there exists a finite subcover: ZgpA q “
Ť
iPJ Vi for some finite subset J of I. It follows that
ZgpA q is quasi-compact. Then the open cover ZgpA q “
Ť
XPIndpXqtXu admits a finite subcover
ZgpA q “
Ťn
i“1tXiu. This means that IndpXq “ tX1, X2, ¨ ¨ ¨ , Xnu, i.e. X is of finite representation
type.
(i)ô (vi) Taking into account that (i) is equivalent to (ii) and the fact that X is a Krull-Schmidt
category, we infer that (i) implies (vi). If (vi) holds then, by [53, Corollary 2.7], A is pure-semisimple
and then as in the proof of the direction (ii) ñ (iii) we deduce that X is of finite representation
type.
Finally the equivalences (i) ô (vii) ô (viii) are straightforward. 
Remark 3.2. (i) There is a dual version of Theorem 3.1 concerning coresolving covariantly finite
subcategories of mod-Λ. We leave its formulation to the reader.
(ii) Let Λ be connected and let X be a contravariantly finite resolving subcategory of mod-Λ.
Using Harada-Sai’s Lemma as in [62] it follows that X is of finite representation type if and only
if the (relative) Auslander-Reiten quiver ΓpXq, defined by using irreducible maps in X, contains a
component whose indecomposable modules are of bounded length.
Subcategories of Mod-Λ of the form limÝÑX, where X is a covariantly finite subcategory of mod-Λ,
are important examples of definable subcategories of Mod-Λ, that is, subcategories closed under
filtered colimits, products and pure submodules. On the other hand if A is a coresolving definable
subcategory of Mod-Λ and any module in A is a direct sum of finitely generated modules, then
clearly A “ lim
ÝÑ
X where X is a coresolving subcategory of mod-Λ and therefore A is locally finitely
presented. Thus as a consequence of Theorem 3.1 we have the following.
Corollary 3.3. For a coresolving definable subcategory A of Mod-Λ the following are equivalent.
(i) Any module in A is a direct sum of finitely generated modules.
(ii) A “ lim
ÝÑ
Y, where Y Ď mod-Λ is a coresolving subcategory of finite representation type.
Corollary 3.4. Let pA ,Bq be a cotorsion pair in Mod-Λ, Then the following are equivalent.
(i) pA ,Bq is of finite type and the subcategory A fin :“ A Xmod-Λ is of finite representation
type.
(ii) A fin is contravariantly finite and any module in A is a direct sum of finitely generated
modules.
Proof. If (i) holds, then since A fin is contravariantly finite and pA ,Bq is of finite type, we have
A “ lim
ÝÑ
A fin by [3, Theorem 5.3]. Since A fin is resolving, the assertion in (ii) follows from Theorem
3.1. If (ii) holds, then A “ lim
ÝÑ
A fin “ AddA fin. This implies easily that B “ pA finqK so the
cotorsion pair pA ,Bq is of finite type. Since A fin is contravariantly finite, A fin is representation
finite by Theorem 3.1. 
Recall that if C is a class of modules over a ring R, then a module X is called C -filtered if there
exists an ordinal τ and an increasing chain tXα |α ă τu of submodules of X such that X0 “ X ,
Xα “
Ť
βăαXβ for each limit ordinal α ă τ , X “
Ť
αăτ Xα, and each subquotient Xα`1{Xα is
isomorphic to a module in C , for any α`1 ă τ . Note that if X Ď mod-R, then the category FpXq of
X-filtered modules is contained in lim
ÝÑ
X; this inclusion is an equality if FpXq is closed under filtered
colimits.
Corollary 3.5. For a resolving subcategory X of mod-Λ, the following are equivalent.
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(i) X is of finite representation type.
(ii) X is contravariantly finite and any module in limÝÑX is a direct sum of finitely generated
modules.
(iii) X is contravariantly finite and any X-filtered module is a direct sum of finitely generated
modules.
Proof. (i) ô (ii) follows from Theorem 3.1. By [2], the subcategory X cogenerates a cotorsion pair
of finite type pA ,Bq in Mod-Λ, where B “ XK and A “ KB, and moreover we have A fin “ X and
A consists of all direct summands of X-filtered modules. Then (i) ô (iii) follows from Corollary
3.4. 
Example 3.6. Let T be a (possibly infinitely generated) tilting module over Λ, see for instance
[3]. Then pX, TKq is a cotorsion pair of finite type in Mod-Λ, where X “ KpTKq, see [20]. Hence
X fin is of finite representation type if and only if X fin is contravariantly finite and any module in
X is a direct sum of finitely generated modules. If T is finitely generated, then any module in TK
is a direct sum of indecomposable modules if and only if TK is of finite representation type and
TK “ lim
ÝÑ
TK. Similar remarks apply for finitely generated cotilting modules.
Applying Theorem 3.1 to X “ mod-Λ we have the following version of the classical result, due to
Auslander and Ringel-Tachikawa, characterizing Artin algebras of finite representation type.
Corollary 3.7. [9, 8, 64] For an Artin algebra Λ the following are equivalent.
(i) Λ is of finite representation type.
(ii) Any Λ-module is a direct sum of finitely generated modules.
(iii) Any Λ-module is a direct sum of indecomposable modules.
(iv) Any indecomposable Λ-module is finitely generated.
(v) The category Mod-pmod-Λq is locally finite.
(vi) The functor p´,Λ{rq P Mod-pmod-Λq has finite length.
(vii) Mod-Λ is equivalent to the category of projective modules over an Artin algebra.
(viii) mod-Λ is equivalent to the category of finitely generated projective modules over an Artin
algebra.
If E is an exact category, let K0pE q be the Grothendieck group of E and K0pE ,‘q be the
Grothendieck group of E endowed with the split exact structure; e.g. if X Ď mod-Λ is resolving,
then X, XK and X X XK are exact subcategories of mod-Λ since they are closed under extensions.
Note that K0pXXX
Kq “ K0pXXX
K,‘q since XXXK is Ext-orthogonal. Working as in [26, Theorem
8.9, Corollary 8.10], we have the following.
Proposition 3.8. Let X be a contravariantly resolving subcategory of mod-Λ.
(i) There is a decomposition K0pXq ‘ K0pX
Kq – K0pXX X
Kq ‘ K0pmod-Λq.
(ii) The following are equivalent.
(a) X is of finite representation type.
(b) The set
 
rX1s ´ rX2s ` rX3s
(
Y
 
rXrP s ´ rP s
(
is a free basis of K0pX,‘q, where
0 ÝÑ X1 ÝÑ X2 ÝÑ X3 ÝÑ 0 is an Auslander-Reiten sequence in X and XrP is the
minimal right X-approximation of rP , for any indecomposable projective module P .
3.1. Weyl Modules and Quasi-Hereditary Algebras. We consider modules having good fil-
trations which arise in the study of highest weight categories. Let Λ be a quasi-hereditary algebra.
We denote by ∆ the Weyl modules and by ∇ the induced modules, see [61] for more details. Let
Filt Add∆, resp. Filt∆, be the full subcategory of Mod-Λ, resp. mod-Λ, consisting of the mod-
ules with Weyl filtration. Dually let Filt Add∇, resp. Filt∇, the full subcategory of Mod-Λ, resp.
mod-Λ consisting of the modules with good filtration. Recall from [62] that Λ is called ∆-finite,
resp. ∇-finite, if the full subcategory of finitely generated Weyl, resp. good, modules is of finite
representation type. By results of Ringel [61] it follows that Filt∇ is a contravariantly finite resolv-
ing subcategory of mod-Λ and by results of Krause-Solberg [57] we have Filt Add∆ “ limÝÑFilt∆ and
Filt Add∇ “ lim
ÝÑ
Filt∇. Hence by Theorem 3.1 and Corollary 3.3 we have the following consequence.
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Corollary 3.9. Let Λ be a quasi-hereditary algebra. Then Λ is ∆-finite, resp. ∇-finite, if and only
if any Weyl, resp. good, module is a direct sum of finitely generated Weyl, resp. good, modules.
3.2. Submodule Categories. For an abelian category A , we denote by projď1 A the full subcat-
egory of A consisting of all objects A with pdA ď 1, and by SubpA q the subobject category of A ;
the objects of SubpA q are monomorphisms µ : A֌ B in A and a morphism in SubpA q between
µ : A֌ B and µ1 : A1 ֌ B1 is given by a pair of morphisms g : A ÝÑ A1 and f : B ÝÑ B1 such
that µ ˝ f “ g ˝ µ1.
If Λ is an Artin algebra of finite representation type, then we denote by ApΛq the Auslander
algebra of Λ, i.e. ApΛq “ EndΛpT q
op, where T is the direct sum of the isoclasses of indecomposable
finitely generated modules.
Proposition 3.10. If Λ is an Artin algebra, then there is an equivalence
Subpmod-Λq
L
mod-Λ
«
ÝÑ projď1mod-pmod-Λq (3.6)
where we identify mod-Λ with the full subcategory U of Subpmod-Λq consisting of the isomorphisms.
Moreover the following statements are equivalent.
(i) Subpmod-Λq is of finite representation type.
(ii) Any monomorphism in Mod-Λ is a direct sum of monomorphisms in mod-Λ.
(iii) Any indecomposable object of SubpMod-Λq lies in Subpmod-Λq.
(iv) projď1mod-pmod-Λq is of finite representation type.
(v) Λ and projď1 ApΛq are of finite representation type.
Proof. Let Y : mod-Λ ÝÑ mod-pmod-Λq, A ÞÑ YpAq “ HomΛp´, Aq, be the Yoneda embedding
which induces an equivalence between mod-Λ and projmod-pmod-Λq. Define a functor
H : Subpmod-Λq ÝÑ mod-pmod-Λq, by HpA1 ֌ Aq “ Coker
`
YpA1q ÝÑ YpAq
˘
Clearly the essential image of H coincides with the full subcategory projď1mod-pmod-Λq. It is easy
to see that H induces a full functor H : Subpmod-Λq ÝÑ projď1mod-pmod-Λq which is surjective on
objects and moreover a map in Subpmod-Λq is killed by H iff it factorizes through an object of the
form pX
–
ÝÑ Xq, i.e. Ker H “ U. Since the categories mod-Λ and U are equivalent via the functor
A ÞÝÑ pA
“
ÝÑ Aq, it follows that H induces the desired equivalence p3.6q.
As in [65] we identify the morphism category of Mod-Λ with the module category over the tri-
angular matrix algebra T2pΛq :“
`
Λ Λ
0 Λ
˘
. Under this identification Subpmod-Λq is a full subcategory
of mod-T2pΛq and SubpMod-Λq is a full subcategory of Mod-T2pΛq, and both contain the projec-
tives and are closed under extensions and submodules. Since filtered colimits are exact, it follows
that limÝÑSubpmod-Λq Ď SubpMod-Λq. On the other hand it is well known that any monomorphism
f : A ֌ B in Mod-Λ can be written as a filtered colimit of monomorphisms between finitely
generated Λ-modules, see [52]. Therefore
SubpMod-Λq “ lim
ÝÑ
Subpmod-Λq
Since Subpmod-Λq is contravariantly finite in mod-T2pΛq, see [65], the first three conditions are
equivalent by Theorem 3.1.
(i) ô (iv) If Subpmod-Λq is of finite representation type, then the equivalence p3.6q shows that
so is the full subcategory projď1mod-pmod-Λq. Conversely if this holds, then the full subcategory
U « mod-Λ « projmod-pmod-Λq Ď projď1mod-pmod-Λq is of finite representation type, i.e. Λ is of
finite representation type, and the equivalence p3.6q shows that Subpmod-Λq is of finite representation
type. Finally (iv) ô (v) follows from the fact that mod-pmod-Λq « mod-ApΛq, provided that Λ is
of finite representation type. 
Example 3.11. For n ě 1, let Λn “ krts{pt
nq. By results of Ringel and Schmidmeier [66],
Subpmod-Λnq is of finite representation type iff n ď 5. It is well known that the Auslander algebra
ApΛnq of Λn is quasi-hereditary and the Weyl modules coincide with the modules with projective
dimension ď 1. So by the above results, Subpmod-Λnq is of finite representation type iff ApΛnq is
∆-finite iff any monomorphism in Mod-Λn is a direct sum of monomorphisms in mod-Λn iff n ď 5.
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3.3. Torsion Pairs. Let Λ be an Artin algebra. We consider full subcategories F of mod-Λ which
are closed under extensions and subobjects. Clearly any such subcategory forms the torsion-free
part F of a torsion pair pT,Fq in mod-Λ, where T “ tA P mod-Λ | HomΛpA,Fq “ 0u. For instance,
since for an algebra Λ of finite representation type we have gl. dimApΛq ď 2, we can take F to be
the full subcategory projď1 ApΛq considered above.
Proposition 3.12. Let F be a full subcategory of mod-Λ which contains Λ and is closed under
extensions and submodules. Then the following are equivalent.
(i) F is of finite representation type.
(ii) F is contravariantly finite and any module in limÝÑF is a direct sum of finitely generated
modules.
(iii) F is contravariantly finite and any indecomposable module in lim
ÝÑ
F is finitely generated.
(iv) F “ KT , where T is a finitely generated cotilting module with idT ď 1, and any, resp.
indecomposable, module in KT is a direct sum of finitely generated modules, resp. finitely
generated.
Proof. Clearly F is resolving so the first three conditions are equivalent by Theorem 3.1, Corollary
3.5.
(i)ñ (iv) Since F is contravariantly finite, there exists a cotorsion pair pF,Rq in mod-Λ, see [14],
and clearly res. dimF mod-Λ ď 1. Hence by [14] there exists a cotilting module T in mod-Λ with
idT ď 1 such that KT “ F. It is not difficult to see that limÝÑF “
KT , and then (iv) follows form (ii)
and (iii).
(iv)ñ (i) The hypothesis implies that we have a cotorsion pair plim
ÝÑ
F,Yq inMod-Λ and plim
ÝÑ
Fq fin “
F “ KT is contravariantly finite in mod-Λ. Then F is of finite representation type by Corollary
3.4. 
Subcategories of the form KT , where T is a finitely generated cotilting module with idΛ T ď 1,
are closed under submodules, extensions, filtered colimits and contain Λ. Thus the following gives
a converse to Proposition 3.12.
Corollary 3.13. Let A be a full subcategory of Mod-Λ which contains Λ and is closed under
extensions, submodules and filtered colimits. Then the following are equivalent:
(i) A fin is of finite representation type.
(ii) Any module in A is a direct sum of indecomposable modules.
(iii) Any indecomposable module in A is finitely generated.
If piq holds, then A “ KT , where T is a finitely generated 1-cotilting module and A is definable.
Proof. By [32] it follows that A “ limÝÑA
fin and clearly A fin is resolving. Then the assertions follow
from Theorem 3.1 and Proposition 3.12. 
4. Artin Algebras and Local Rings of Finite CM-Type
In this section we apply the results of the previous section to the study of Gorenstein-projective
modules over an Artin algebra. In particular we give several characterizations of virtually Gorenstein
Artin algebras of finite Cohen-Macaulay type in terms of decomposition properties of the category
of Gorenstein-projective modules. We also prove analogous results in the commutative setting.
4.1. Gorenstein-Projective Modules and Virtually Gorenstein Algebras. Let A be an
abelian category. An acyclic complex of projective, resp. injective, objects of A
X‚ “ ¨ ¨ ¨ ÝÑ X i´1 ÝÑ X i ÝÑ X i`1 ÝÑ ¨ ¨ ¨
is called totally acyclic, if HomA pX
‚, P q, resp. HomA pI,X
‚q, is acyclic, @P P ProjA , resp.
@I P InjA .
The following classes of objects have been introduced by Auslander and Bridger [11] in the context
of finitely generated modules over a Noetherian ring, and by Enochs and Jenda [40] in the context
of arbitrary modules over any ring.
ON ALGEBRAS OF FINITE CM-TYPE 13
Definition 4.1. Let A be an abelian category. An object A P A is called:
(i) Gorenstein-projective if it is of the form A “ CokerpX´1 Ñ X0q for some totally acyclic
complex X‚ of projective objects.
(ii) Gorenstein-injective if it is of the from A “ KerpX0 Ñ X1q for some totally acyclic
complex X‚ of injective objects.
Remark 4.2. Depending on the setting, finitely generated Gorenstein-projective modules appear
in the literature under various names, for instance: totally reflexive modules [47], modules of G-
dimension zero [11, 71] or (maximal) Cohen-Macaulay modules [15, 29].
From now on we fix an Artin algebra Λ. We denote by GProjΛ the full subcategory of Mod-Λ
which is formed by all Gorenstein-projective Λ-modules, and GInjΛ denotes the full subcategory
which is formed by all Gorenstein-injective Λ-modules. In [26], it is shown that GProjΛ is a defin-
able subcategory of Mod-Λ and it is the largest resolving subcategory of Mod-Λ which admits the
full subcategory ProjΛ of projective modules as an Ext-injective cogenerator. Moreover there are
cotorsion pairs `
GProjΛ, pGProjΛqK
˘
and
`
KpGInjΛq,GInjΛ
˘
for Mod-Λ satisfying: GProjΛ
Ş
pGProjΛqK “ ProjΛ and KpGInjΛq
Ş
GInjΛ “ InjΛ. Through-
out we shall use the category GprojΛ of finitely generated Gorenstein-projective modules and the
category GinjΛ of finitely Gorenstein-injective modules defined as follows:
GprojΛ :“ GProjΛ
č
mod-Λ and GinjΛ :“ GInjΛ
č
mod-Λ.
Remark 4.3. Note that the Λ-dual functor d :“ HomΛp´,Λq : mod-ΛÑ mod-Λ
op induces a duality
d : pGprojΛqop
«
ÝÑ GprojΛop
Moreover the adjoint pair
`
N` :“ ´ bΛ DΛ,N
´ :“ HomΛpDΛ,´q
˘
: Mod-Λ ⇆ Mod-Λ induces
equivalences
pN`,N´q : GProjΛ
«
ÝÑ GInjΛ and pN`,N´q : GprojΛ
«
ÝÑ GinjΛ
The stable categories GProjΛ and GInjΛ are compactly generated triangulated categories, the sta-
ble categories GprojΛ and GinjΛ are triangulated subcategories of GProjΛ and GInjΛ respectively
consisting of compact objects, and the adjoint pair of Nakayama functors induce triangulated equiv-
alences
pN`,N´q : GProjΛ
«
ÝÑ GInjΛ and pN`,N´q : GprojΛ
«
ÝÑ GinjΛ.
It is not difficult to see that pGprojΛqK “ KpGinjΛq [26]. However there are Artin algebras
for which pGProjΛqK ‰ KpGInjΛq [28]. To remedy this pathology, the following class of algebras
was introduced in [29] as a common generalization of Gorenstein algebras and algebras of finite
representation type.
Definition 4.4. An Artin algebra Λ is called virtually Gorenstein if:
pGProjΛqK “ KpGInjΛq.
Example 4.5. The following list shows that the class of virtually Gorenstein algebras is rather
large, see [26] for more details and [28] for an example of an Artin algebra which is not virtually
Gorenstein.
1. Gorenstein algebras are virtually Gorenstein.
Recall that an Artin algebra Λ is called Gorenstein if idΛΛ ă 8 and idΛΛ ă 8; in
this case it is known that id ΛΛ “ idΛΛ. Important classes of Gorenstein algebras are the
algebras of finite global dimension and the self-injective algebras. In the first case we have
GProjΛ “ ProjΛ and in the second case we have GProjΛ “ Mod-Λ.
2. Any Artin algebra of finite representation type is virtually Gorenstein.
3. Let Λ be an Artin algebra and assume that any Gorenstein-projective module is projective,
i.e. GProjΛ “ ProjΛ. Then Λ is virtually Gorenstein.
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4. Let Λ be an Artin algebra which is derived equivalent or stably equivalent to a virtually
Gorenstein algebra, e.g. to an algebra of finite representation type. Then Λ is virtually
Gorenstein.
We refer to [26] for an extensive discussion of virtually Gorenstein algebras. In particular we
need in the sequel the following properties enjoyed by the class of virtually Gorenstein algebras, see
[26, 28]:
Remark 4.6. Let Λ be an Artin algebra.
1. Λ is virtually Gorenstein if and only if GProjΛ “ limÝÑGprojΛ. In this case GProjΛ is a
locally finitely presented additive category with products and pGProjΛqK “ lim
ÝÑ
pGprojΛqK.
2. Λ is virtually Gorenstein if and only if the cotorsion pair
`
GProjΛ, pGProjΛqK
˘
is smashing.
3. Λ is virtually Gorenstein if and only if pGProjΛqKXmod-Λ is contravariantly, or equivalently
covariantly, finite, in mod-Λ. In this case pGProjΛqK Xmod-Λ “ pGprojΛqK, see 4. below.
4. Λ is virtually Gorenstein if and only if pGprojΛqK Ď pGProjΛqK. Indeed if the last inclusion
holds, then since we always have pGProjΛqK Ď pGprojΛqK, ir follows that pGProjΛqK “
pGprojΛqK . This implies that pGProjΛqK is closed under coproducts, i.e. the cotorsion pair`
GProjΛ, pGProjΛqK
˘
is smashing. Therefore by 2., Λ is virtually Gorenstein. If this holds,
then by [26] we have pGProjΛqK “ XK
Λ{r and the minimal right GProjΛ-approximationXΛ{r
of Λ{r is finitely generated. This clearly implies that pGprojΛqK Ď XK
Λ{r “ pGProjΛq
K.
5. If Λ is virtually Gorenstein, then GprojΛ is functorially finite in mod-Λ; in particular GprojΛ
has Auslander-Reiten sequences, and GprojΛ “ FiltpXΛ{rq and GProjΛ “ FiltpAddXΛ{rq.
6. Λ is virtually Gorenstein if and only if Λop is virtually Gorenstein.
7. GProjΛ admits a single compact generator XΛ{r. Moreover Λ is virtually Gorenstein iff
pGProjΛqcpt “ GprojΛ, i.e. the compact objects of GProjΛ are coming from the finitely gen-
erated Gorenstein-projective modules. In this case GprojΛ has Auslander-Reiten triangles
and admits a Serre functor.
We have the following characterization of virtually Gorenstein algebras which will be useful later.
Proposition 4.7. For an Artin algebra Λ, the following statements are equivalent.
(i) Λ is virtually Gorenstein.
(ii) (a) GprojΛ is contravariantly finite.
(b) Any module in GProjΛX limÝÑpGprojΛq
K is a direct sum of finitely generated modules.
Proof. If Λ is virtually Gorenstein, then GprojΛ is contravariantly finite by Remark 4.6.5, and
(ii)(b) holds since GProjΛ X limÝÑpGprojΛq
K “ GProjΛ X pGProjΛqK “ ProjΛ by Remark 4.6.1.
Conversely if (ii) holds, then by [26, Corollary 9.6], (a) implies the existence of a cotorsion pair`
lim
ÝÑ
GprojΛ, lim
ÝÑ
pGprojΛqK
˘
in Mod-Λ and lim
ÝÑ
GprojΛ Ď GProjΛ since the latter is closed under
filtered colimits. Let A be in GProjΛ X limÝÑpGprojΛq
K. Then by (b), A “ ‘iPIAi where each Ai is
finitely generated and clearly lies in GProjΛX limÝÑpGprojΛq
K Xmod-Λ “ GprojΛX pGprojΛqK since
both GProjΛ and lim
ÝÑ
pGprojΛqK are closed under direct summands. However it is easy to see that
GprojΛ X pGprojΛqK “ projΛ and then this implies that GProjΛ X lim
ÝÑ
pGprojΛqK “ Add projΛ “
ProjΛ. Now let A P GProjΛ and let 0 ÝÑ A ÝÑ Y A ÝÑ XA ÝÑ 0 be an exact sequence,
where Y A is a left limÝÑpGprojΛq
K-approximation of A and XA P limÝÑGprojΛ. Clearly Y
A lies in
GProjΛ X limÝÑpGprojΛq
K “ ProjΛ and therefore A lies in limÝÑGprojΛ, since the latter is resolving.
We infer that GProjΛ “ lim
ÝÑ
GprojΛ and therefore Λ is virtually Gorenstein by Remark 4.6.1. 
Corollary 4.8. If GprojΛ “ projΛ, then the following are equivalent.
(i) Λ is virtually Gorenstein.
(ii) Any module in GProjΛ is a direct sum of finitely generated modules.
4.2. Artin algebras of finite CM-type. Our aim in this section is to characterize Artin algebras
enjoying the property that any Gorenstein-projective module is a direct sum of finitely generated
modules. This class of algebras, clearly contained in the class of virtually Gorenstein algebras, is
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intimately related to the class of Artin algebras of finite Cohen-Macaulay type, in the sense of the
following definition.
Definition 4.9. An Artin algebra Λ is said to be of finite Cohen-Macaulay type, finite CM-
type for short, if the full subcategory GprojΛ of finitely generated Gorenstein-projective Λ-modules
is of finite representation type.
Clearly an Artin algebra Λ is virtually Gorenstein of finite CM-type if Λ is of finite representation
type or if GProjΛ “ ProjΛ, e.g. if gl. dimΛ ă 8. On the other hand if Λ is of infinite CM-type,
then obviously gl. dimΛ “ 8. Note that a self-injective algebra is of finite CM-type iff it is of finite
representation type. Finally by Remark 4.3 it follows that Λ is of finite CM-type if and only if so
is Λop.
The following result shows that the class of Artin algebras enjoying the property that any
Gorenstein-projective module is a direct sum of finitely generated modules coincides with the class
of virtually Gorenstein algebras of finite CM-type, and condition (vii) characterizes them in terms
of an interesting factorization property. To avoid trivialities, we assume that GProjΛ ‰ ProjΛ.
Theorem 4.10. For an Artin algebra Λ the following are equivalent:
(i) Any Gorenstein-projective Λ-module is a direct sum of finitely generated modules.
(ii) Λ is virtually Gorenstein and any Gorenstein-projective Λ-module is a direct sum of inde-
composable modules.
(iii) Λ is virtually Gorenstein and any indecomposable Gorenstein-projective module is finitely
generated.
(iv) Λ is virtually Gorenstein of finite CM-type.
(v) Λ is virtually Gorenstein and the triangulated category GProjΛ is phantomless.
(vi) Λ is virtually Gorenstein and the functor category Mod-GprojΛ is Frobenius.
(vii) A map f : A ÝÑ B between Gorenstein-projective modules factors through a projective
module if and only if for any finitely generated Gorenstein-projective module X and any
map α : X ÝÑ A, the composition α ˝ f : X ÝÑ B factors through a projective module.
(viii) The above conditions with Λ replaced by Λop.
Proof. The proof that the first four conditions are equivalent is a direct consequence of Theorem
3.1 and the fact that Λ is virtually Gorenstein if and only if GProjΛ “ limÝÑGprojΛ, see 4.6.1. The
equivalence (iv) ô (viii) follows from the fact that Λ is virtually Gorenstein if and only if so is Λop,
see 4.6.4, and from the existence of an equivalence pGprojΛqop « GprojΛop, see Remark 4.3. If (i)
holds, then Λ is virtually Gorenstein and therefore pGProjΛqcpt “ GprojΛ. It follows from 4.6.7 that
any object in GProjΛ is a direct sum of compact objects and therefore by [22, Theorem 9.3], GProjΛ
is phantomless, so (v) holds. Using 4.6.6, the proof that (v) ô (vi) follows from [22, Proposition
9.2, Theorem 9.3].
We now show that (vi) implies (i). Since GProjΛ is phantomless, by [22, Theorem 9.3], for any
Gorenstein-projective module A there is a decomposition A “ ‘iPIXi, where the Xi are finitely
generated. This implies that there are projective modules P and Q such that A‘P – ‘iPIXi‘Q.
Since Λ is virtually Gorenstein, by 4.6.1, the category GProjΛ is locally finitely presented and
GProjΛ “ limÝÑGprojΛ. Consider the representation functor H : GProjΛ ÝÑ Mod-GprojΛ. Then
HpAq ‘ HpP q – Hp‘iPIXiq ‘ HpQq – ‘iPIHpXiq ‘ HpQq. Since the objects HpXiq and HpQq are
projective, we infer that HpAq is a projective object of Mod-GprojΛ. Since any flat functor in
Mod-GprojΛ is of the form HpAq, where A P GProjΛ, we infer that any flat functor is projective,
i.e. the representation category Mod-GprojΛ is perfect. It is well-known that in a perfect functor
category any projective functor is a direct sum of finitely generated projective functors, see [46]. It
follows that HpAq “ ‘jPJHpX
1
jq, where the X
1
j lie in GprojΛ. Since H is fully faithful we conclude
that A is a direct sum of finitely generated modules and (i) holds.
Finally we show that (v) ô (vii). Assuming (vii), let f : A ÝÑ B be a map in GProjΛ such
that the induced map HomΛpX,Aq ÝÑ HomΛpX,Bq is zero for any finitely generated Gorenstein-
projective module X . This means that for any map X ÝÑ A, the composition X ÝÑ A ÝÑ B
factorizes through a projective module. Then condition (vii) implies f factorizes through a projective
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module, so f “ 0 in GProjΛ. Applying this to A “ B and f “ 1A, we have that HompX,Aq “ 0,
@X P GprojΛ, implies that A “ 0, so GprojΛ (compactly) generates GProjΛ. Then by [22, Theorem
9.3] we infer that pGProjΛqcpt “ GprojΛ, so by 4.6.6, Λ is virtually Gorenstein, and any object of
GProjΛ is a direct sum of objects from GprojΛ, i.e. GProjΛ is phantomless and (v) holds. Conversely
if GProjΛ is phantomless, then (vii) holds since GprojΛ Ď pGProjΛqcpt. 
Note that by the above proof, if Λ is virtually Gorenstein of finite CM-type and T is a representa-
tion generator of GprojΛ, then there are equivalences GProjΛ « ProjΓ and GprojΛ « projΓ, where
Γ “ EndΛpT q
op. Moreover let ∆ “ EndΛpT q
op be the stable endomorphism algebra of T . Since
GprojΛ “ addT , there are equivalences GProjΛ « Proj∆ and GprojΛ « proj∆. Since GProjΛ is
triangulated, by [22, 34], ∆ is a self-injective Artin algebra, and, using Theorem 3.1 and Proposition
3.8, we have the following consequence.
Corollary 4.11. For an Artin algebra Λ, the following statements are equivalent.
(i) Λ is virtually Gorenstein of finite CM-type.
(ii) GProjΛ is equivalent to the category of projective modules over an Artin algebra.
(iii) GProjΛ is equivalent to the category of projective modules over a self-injective Artin algebra.
(iv) Λ is virtually Gorenstein and GprojΛ is equivalent to the category of finitely generated
projective modules over an Artin algebra.
(v) Λ is virtually Gorenstein and GprojΛ is equivalent to the category of finitely generated
projective modules over a self-injective Artin algebra.
(vi) Λ is virtually Gorenstein and the set
 
rX1s ´ rX2s ` rX3s
(
Y
 
rXrP s ´ rP s
(
is a free basis
of K0pGprojΛ,‘q, where 0 ÝÑ X1 ÝÑ X2 ÝÑ X3 ÝÑ 0 is an Auslander-Reiten sequence
in GprojΛ and XrP is the minimal right GprojΛ-approximation of rP , @P P IndpprojΛq.
(vii) Λ is virtually Gorenstein and the set
 
rX1s´rX2s`rX3s
(
is a free basis of K0pGprojΛ,‘q,
where X1 ÝÑ X2 ÝÑ X3 ÝÑ Ω
´1X1 is an Auslander-Reiten triangle in GprojΛ.
Remark 4.12. By Remark 4.3, the equivalent conditions of Theorem 4.10 and Corollary 4.11 which
characterize virtually Gorenstein algebras of finite CM-type, are also equivalent to the conditions
resulting by replacing everywhere Gorenstein-projectives with Gorenstein-injectives and projectives
with injectives.
Since Gorenstein algebras are virtually Gorenstein and, by [26, Theorem 11.4], virtually Goren-
stein algebras with one-sided finite self-injective dimension are Gorenstein, we have as a corollary of
Theorem 4.10, the following result which, extending the main result of Chen [35, Main Theorem],
gives a characterization of Gorenstein algebras of finite CM-type.
Corollary 4.13. For an Artin algebra Λ the following are equivalent.
(i) Λ is a Gorenstein algebra of finite CM-type.
(ii) idΛΛ ă 8 and any Gorenstein-projective Λ-module is a direct sum of finitely generated
modules.
(iii) Λ is virtually Gorenstein with idΛΛ ă 8 and any indecomposable Gorenstein-projective is
finitely generated.
(iv) The above conditions with Λ replaced by Λop.
By [26] if Λ and Γ are Artin algebras which are derived equivalent or stably equivalent of Morita
type, then Λ is virtually Gorenstein iff so is Γ; in this case the stable triangulated categories GprojΛ
and GprojΓ are (triangle) equivalent. Since Artin algebras of finite representation type are virtually
Gorenstein, we have the following consequence. Note that algebras derived equivalent to algebras
of finite representation type may be of tame infinite, even wild, representation type.
Corollary 4.14. Let Λ and Γ be Artin algebras which are derived equivalent or stably equivalent of
Morita type. Then Λ is virtually Gorenstein of finite CM-type iff Γ is virtually Gorenstein of finite
CM-type. In particular if Λ is an Artin algebra which is derived equivalent or stably equivalent of
Morita type to an Artin algebra of finite representation type, then Λ is virtually Gorenstein of finite
CM-type.
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Corollary 4.15. Let Λ be an Artin algebra. Then the following are equivalent.
(i) pGProjΛqK Xmod-Λ is of finite representation type.
(ii) KpGInjΛq Xmod-Λ is of finite representation type.
(iii) Λ is virtually Gorenstein and any module in pGProjΛqK is a direct sum of finitely generated
modules.
(iv) Λ is virtually Gorenstein and any module in KpGInjΛq is a direct sum of finitely generated
modules.
Proof. By [26] we have X :“ pGProjΛqK Xmod-Λ “ mod-Λ X KpGInjΛq, so (i) ô (ii). Clearly (iii)
ô (iv). If (i) holds, then X is contravariantly finite so, by 4.6.3, Λ is virtually Gorenstein. Since X
is resolving, the assertion in (iii) follows from 4.6.1, 4.6.3, and Theorem 3.1. The implication (iii)
ñ (i) is similar. 
Remark 4.16. Let Λ be an Artin algebra and assume that idΛΛ ă 8.
(i) Any module in KpGInjΛq is a direct sum of finitely generated modules if and only if the full
subcategory injă8Λ of mod-Λ, consisting of all modules with finite injective dimension, is
of finite representation type. This follows from Theorem 3.1 and the fact that idΛΛ ă 8
implies that injă8Λ is resolving and KpGInjΛq “ lim
ÝÑ
injă8Λ, see [26, Theorem 11.3].
(ii) If Λ is virtually Gorenstein, then: any module in pGProjΛqK is a direct sum of finitely
generated modules if and only if the full subcategory projă8Λ of mod-Λ, consisting of all
modules with finite projective dimension, is of finite representation type. This follows from
Theorem 3.1 and the fact that virtual Gorensteinness and idΛΛ ă 8 implies that Λ is
Gorenstein and pGProjΛqK “ limÝÑ proj
ă8Λ, see [26, Theorem 11.4].
Example 4.17. Let Λ be a self-injective algebra. Then the following are equivalent.
(i) Subpmod-Λq is of finite representation type.
(ii) T2pΛq :“
`
Λ Λ
0 Λ
˘
is of finite CM-type.
It is well-known that T2pΛq is Gorenstein with idT2pΛq ď 1. This easily implies that GprojT2pΛq “
SubpprojT2pΛqq. On the other hand it is not difficult to see that Subpmod-Λq “ SubpprojT2pΛqq,
hence Subpmod-Λq “ GprojT2pΛq. It follows that the submodule category Subpmod-Λq of mod-Λ is
of finite representation type if and only if the Gorenstein algebra T2pΛq is of finite CM-type. E.g.
if Λn “ krts{pt
nq, then by Example 3.11, T2pΛnq is of finite CM-type iff n ď 5.
We close this subsection with a characterization of Artin algebras of finite CM-type. Recall that
if S is a class of objects in a triangulated category T, then the localizing subcategory LocpSq of T
generated by S, is the smallest full triangulated subcategory of T which contains S and is closed
under arbitrary direct sums.
Theorem 4.18. For an Artin algebra Λ the following statements are equivalent.
(i) Λ is of finite CM-type.
(ii) GprojΛ is contravariantly finite and any pGprojΛq-filtered module is a direct sum of finitely
generated modules.
(iii) GprojΛ is contravariantly finite and any module in limÝÑGprojΛ is a direct sum of finitely
generated modules.
(iv) GprojΛ is contravariantly finite and the localizing subcategory of GProjΛ generated by
GprojΛ is phantomless.
(v) GprojΛ is contravariantly finite and the module category Mod-GprojΛ is Frobenius.
Proof. The equivalence (i) ô (ii) follows from Corollary 3.5. By [26, Theorem 9.4] the localizing
subcategory L “ LocpGprojΛq of GProjΛ generated by GprojΛ is compactly generated, coincides
with the stable category plimÝÑGprojΛq{ProjΛ, and we have tplimÝÑGprojΛq{ProjΛu
cpt “ GprojΛ. If
(i) holds and GprojΛ “ addT for some T P GprojΛ, then GprojΛ is contravariantly finite and the
representation category Mod-GprojΛ of L is equivalent to the module category Mod-EndΛpT q
op,
hence it is locally finite. Since EndΛpT q
op is self-injective, by [22, Theorem 9.3] L is phantomless.
If (iv) holds, then any object of L is a direct sum of objects from GprojΛ. This implies that any
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module in lim
ÝÑ
GprojΛ is a direct sum of finitely generated modules, so (iii) holds. If (iii) holds,
then Λ is of finite CM-type by Theorem 3.1. Finally the equivalence (iv) ô (v) follows from [22,
Theorem 9.3]. 
4.3. Projective Cotorsion Pairs. Recall that for any Artin algebra Λ we have a projective cotor-
sion pair
`
GProjΛ, pGProjΛqK
˘
with heart GProjΛ
Ş
pGProjΛqK “ ProjΛ, and the stable category
GProjΛ is a compactly generated triangulated category. If pX,Yq is an arbitrary projective cotorsion
pair in Mod-Λ, then the stable category X :“ X{ProjΛ is again triangulated, it admits all small
coproducts, and X Ď GProjΛ. So
`
GProjΛ, pGProjΛqK
˘
is the largest projective cotorsion pair in
Mod-Λ.
The following result generalizes Theorem 4.10 to arbitrary projective cotorsion pairs. Note that
we may recover Theorem 4.10 by choosing below pX,Yq to be the cotorsion pair
`
GProjΛ, pGProjΛqK
˘
and using 4.6.2. The dual version concerning injective cotorsion pairs is left to the reader.
Theorem 4.19. If pX,Yq is a projective cotorsion pair in Mod-Λ then the following are equivalent.
(i) Any module in X is a direct sum of finitely generated modules.
(ii) The cotorsion pair pX,Yq is smashing and X fin is of finite representation type.
(iii) The cotorsion pair pX,Yq is smashing and any module in X is a direct sum of indecomposable
modules.
(iv) The cotorsion pair pX,Yq is smashing and any indecomposable module in X is finitely
generated.
(v) The cotorsion pair pX,Yq is smashing and the triangulated category X is phantomless.
(vi) The cotorsion pair pX,Yq is smashing and the functor category Mod-X fin is Frobenius.
(vii) X is equivalent to the category of projective modules over an Artin algebra.
(viii) X is equivalent to the category of projective modules over a self-injective Artin algebra.
(ix) The cotorsion pair pX,Yq is smashing and X fin is equivalent to the category of finitely
generated projective modules over an Artin algebra.
(x) The cotorsion pair pX,Yq is smashing and X fin is equivalent to the category of finitely
generated projective modules over a self-injective Artin algebra.
(xi) A map f : A ÝÑ B between modules in X factors through a projective module if and only
if for any module X in X fin and any map α : X ÝÑ A, the composition α ˝ f : X ÝÑ B
factors through a projective module.
Proof. (i) ñ (ii) Let any module in X be a direct sum of finitely generated modules, i.e. X “
AddX fin. Let tYiuiPI be a small set of modules in Y. Then ‘iPIYi lies in Y if Ext
n
ΛpX,‘iPIYiq “ 0,
@n ě 1, @X P X. However X is a direct summand of a coproduct ‘jPJXj, where Xj P X
fin, and
ExtnΛpXj ,‘iPIYiq “ ‘iPI Ext
n
ΛpXj , Yiq “ 0, @n ě 1, @j P J , since Xj is finitely generated. Hence
‘iPIYi lies in Y and therefore Y is closed under all small coproducts, i.e. the cotorsion pair pX,Yq is
smashing. Since X “ AddX fin, it follows by [22, Theorem 9.3] that the stable triangulated category
X is compactly generated. Then by [26, Theorem 9.10] we have X “ limÝÑX
fin and by Theorem 3.1,
X fin is of finite representation type.
(ii) ñ (i) Since the cotorsion pair pX,Yq is smashing, as in [26, Theorem 6.6] we infer that
the stable triangulated category X is compactly generated. Then by [26, Theorem 9.10] we have
X “ limÝÑX
fin. By Theorem 3.1 then any module in X is a direct sum of finitely generated modules.
The rest of proof is similar to the proof of Theorem 4.10 and is left to the reader. 
4.4. Local rings of Finite CM-type. Our aim in this subsection is to give characterizations of
commutative Noetherian complete local rings pR,m, kq of finite CM-type in terms of decomposition
properties of the category of Gorenstein-projective modules. Note that if GProjR “ ProjR, then
GprojR “ projR and clearly R is of finite CM-type and any Gorenstein-projective R-module is a
direct sum of finitely generated modules. So it suffices to treat the case in which R admits a non-free
finitely generated Gorenstein-projective module.
First recall that a module A over any ring S is called Gorenstein-flat if there exists an acyclic
complex F ‚ of flat S-modules such that A – KerpF 0 ÝÑ F 1q and the complex F ‚bS E is exact for
any injective Sop-module E.
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Theorem 4.20. Let pR,m, kq be a commutative Noetherian complete local ring. If GprojR ‰ projR,
then the following statements are equivalent.
(i) R is of finite CM-type.
(ii) R is Gorenstein and any Gorenstein-projective R-module is a direct sum of finitely gener-
ated modules.
(iii) GprojR is contravariantly finite in mod-R and any pGprojRq-filtered module is a direct sum
of finitely generated modules.
(iv) Any Gorenstein-flat module is a filtered colimit of finitely generated Gorenstein-projective
modules and any Gorenstein-projective module is a direct sum of finitely generated modules.
If R is of finite CM-type, then any indecomposable Gorenstein-projective module is finitely generated.
Proof. (i) ñ (ii) By the results of [37], R is Gorenstein. Let T be a finitely generated Gorenstein-
projective module such that GprojR “ addT . Then GprojR “ addT and let Λ “ EndRpT q
op be the
stable endomorphism ring of T . Consider the triangulated category GProjR and the representation
functor H : GProjR ÝÑ Mod-GprojR “ Mod-Λ, given by HpAq “ HomRpT,Aq. Since R is of
finite CM-type, by [37, Lemma 4.1], the R-module Ext1RpM,Nq is of finite length as an R-module,
@M,N P GprojR. In particular Λ “ HomRpT, T q – Ext
1
RpΩ
´1T, T q has finite length as an R-module.
It follows that the R-algebra Λ is Noetherian and therefore, by [34], Λ is self-injective Artinian,
so the Frobenius category Mod-Λ is a locally finite. By results of Krause [54], the stable category
GInjR is compactly generated and its compact objects are given, up to direct factors, by the Verdier
quotientDbpmod-Rq{perfR, where perfR is the full subcategory ofDbpmod-Rq formed by the perfect
complexes. However, since R is Gorenstein, it is well-known that Dbpmod-Rq{perfR is triangle
equivalent to GprojR, see [34]. Also, by [29, Theorem VI.3.2], Gorensteinness implies the existence
of a triangle equivalence GProjR « GInjR. We infer that GProjR is compactly generated and
pGProjRqcpt is triangle equivalent to GprojR. Since Mod-GprojR is locally finite, by [22, Theorem
9.3], any object A P GProjR admits a direct sum decomposition A “ ‘iPIXi, where tXiuiPI is a
small subset of GprojR. Then in Mod-R we have an isomorphism A ‘ P – ‘iPIXi ‘ Q, where
P,Q P ProjR, and therefore A is pure-projective as a direct summand of a direct sum of finitely
presented modules. Since R is complete, by a classical result of Warfield [69, Corollary 4] it follows
that A is a direct sum of finitely generated modules. We conclude that any Gorenstein-projective
module is a direct sum of indecomposable finitely generated (Gorenstein-projective) modules.
(ii) ñ (i) We have an equality GProjR “ AddGprojR, and therefore an equality GProjR “
AddGprojR. This implies that the triangulated category GProjR is phantomless and compactly
generated with pGProjRqcpt “ GprojR. By [22, Theorem 9.3], the module category Mod-GprojR
is Frobenius and then by [25, Lemma 10.1], the category GprojR has right Auslander-triangles.
Since the functor HomRp´, Rq gives a self-duality of GprojR, it follows that GprojR has Auslander-
Reiten triangles and therefore by [25, Theorems 10.2, 10.3], the Frobenius category Mod-GprojR
is locally finite and |SuppHomRp´, Xq| ă 8, for any indecomposable X P GprojR. In particular
|SuppHomRp´, XR{mq| ă 8, where XR{m is the (minimal) GprojR-approximation of R{m, which
exists since R is Gorenstein. Let X be a non-zero indecomposable module in GprojR and assume
that X R SuppHomRp´, XR{mq, i.e. HomRpX,XR{mq “ 0. Since R is Gorenstein, there exists an
exact sequence 0 ÝÑ YR{m ÝÑ XR{m ÝÑ R{m ÝÑ 0, where YR{m has finite projective dimension.
Applying HomRpX,´q we see easily that HomRpX,R{mq “ 0, i.e. any map X ÝÑ R{m factors
through a finite free R-module. This easily implies that X admits R as a direct summand and this is
impossible since X is non-free indecomposable. We infer that IndGprojR “ SuppHomRp´, XR{mq.
Since Mod-GprojR is locally finite, the functor HomRp´, XR{mq has finite length. Then as in the
proof of Theorem 3.1 we infer that SuppHomRp´, XR{mq “
Ťn
i“0 Supp Si, where the Si are the
simple functors pGprojRqop ÝÑ Ab appearing in the composition series of HomRp´, XR{mq. Since
| SuppSi| ă 8, @i, we infer that |IndGprojR| ă 8. This implies that GprojR is of finite representa-
tion type, i.e. R is of finite CM-type.
(i) ô (iii) The proof follows as in Theorem 4.18 using Corollary 3.5.
(iv) ô (ii) By recent results of Jørgensen and Holm, see [43, Theorem 2.7], the first part of
condition (iv) implies that R is Gorenstein, so (iv)ñ (ii). If (ii) holds, then by [40, Theorem 10.3.8]
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any Gorenstein-flat module is a filtered colimit of finitely generated Gorenstein-projective modules,
so (iv) holds. 
Corollary 4.21. Let R be a commutative Noetherian complete local Gorenstein ring.
(i) If GprojR “ projR, then R is non-singular, i.e. regular, of finite CM-type.
(ii) If GprojR ‰ projR and any Gorenstein-projective module is a direct sum of finitely gener-
ated modules, then R is a simple (hypersurface) singularity of finite CM-type.
5. Stable and Torsion-Free Modules
Let Λ be a Noetherian ring. Recall that a finitely generated right Λ-module X is called stable
if ExtnΛpX,Λq “ 0, @n ě 1, i.e. X P
KΛ. And X is called torsion-free if the transpose TrX
of X is stable: ExtnΛoppTrX,Λ
opq “ 0, @n ě 1, i.e. TrX P KΛop. Here Tr : mod-Λ ÝÑ mod-Λop
is the Auslander-Bridger transpose duality functor given by TrpMq “ Coker
`
HomΛpP
0,Λq ÝÑ
HomΛpP
1,Λq
˘
, where P 1 ÝÑ P 0 ÝÑM ÝÑ 0 is a finite projective presentation of M , see [11]. In
this terminology a finitely generated module X is Gorenstein-projective if and only if X is stable
and torsion-free.
It was an open question if stable implies torsion-free, i.e. if stableness is sufficient for a finitely
generated module to be Gorenstein-projective. Recently Jorgensen and Sega answered this question
in the negative. In fact they constructed a commutative Noetherian local (graded Koszul) ring and
a finitely generated stable module which is not torsion-free, see [47] for details. On the other hand
Yoshino proved that the answer to the above question is positive for Henselian local Noetherian rings
pR,m, kq such that the full subcategory of stable modules is of finite representation type, see [71].
Recently R. Takahashi proved a far reaching generalization: if X is a contravariantly finite resolving
subcategory of mod-R and if any module X in X satisfies ExtnRpX,Rq “ 0, for n " 0, then X “ projR
or R is Gorenstein and either X “ GprojR, or X “ mod-R, see [68]. In the non-commutative
setting, where in the Artin algebra case Takahashi’s result is false (e.g. consider X “ projă8 Λ
for a Gorenstein algebra Λ of infinite global dimension), it is known that all stable modules are
Gorenstein-projective if the Artin algebra Λ is Gorenstein or more generally if id ΛΛ ă 8, see [26,
Proposition 4.4]. Also any stable module with finite Gorenstein-projective dimension is Gorenstein-
projective, see [26, Proposition 3.9], and all stable right modules are Gorenstein-projective if Λ is
left CoGorenstein in the sense that arbitrary syzygy left modules are stable, see [26, Proposition
4.4].
5.1. Finitely generated stable modules. One reason of why the condition KΛ “ GprojΛ is im-
portant is that it allows the computation of the Gorenstein dimension G-dimM :“ res. dimGprojΛM
of a module M P mod-Λ, without using resolutions. Recall that the Gorenstein dimension of mod-Λ
is defined by
G-dimΛ “ res. dimGprojΛmod-Λ “ max
 
idΛΛ, idΛΛ
(
Thus Λ is Gorenstein if and only if G-dimΛ ă 8.
Lemma 5.1. Let Λ be a Noetherian ring. Then the following are equivalent.
(i) KΛ “ GprojΛ.
(ii) @M P mod-Λ: G-dimM “ suptt P Z | ExttΛpM,Λq ‰ 0u.
Proof. Assume that KΛ “ GprojΛ and letM be in mod-Λ. If G-dimM ă 8, then the assertion (ii) is
easy, see for instance [26, Proposition 3.9]. Assume that G-dimM “ 8. If suptt P Z | ExttΛpM,Λq ‰
0u “ d ă 8, then ExtnΛpM,Λq “ 0, @n ą d. Hence Ext
k
ΛpΩ
dM,Λq “ 0, @k ě 1, so ΩdM P KΛ “
GprojΛ. However this implies that G-dimM ď d and this is not true. Hence d “ 8. Conversely
if G-dimM “ suptt P Z | ExttΛpM,Λq ‰ 0u, then G-dimM “ 0, for any module M P
KΛ. Hence
KΛ “ GprojΛ. 
Our aim in this section is to prove the following result which, in the context of virtually Gorenstein
Artin algebras, gives a complete answer to the question of when a stable module is torsion-free, hence
Gorenstein-projective. In particular we extend properly Yoshino’s result in the non-commutative
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setting to the case where the category of stable modules is not necessarily of finite representation
type.
Theorem 5.2. Let Λ be an Artin algebra. If GprojΛ is contravariantly finite, for instance if Λ is
virtually Gorenstein or of finite CM-type, then the following are equivalent.
(i) KΛ “ GprojΛ.
(ii) KΛX pGprojΛqK “ projΛ.
(iii) KΛX pGprojΛqK is of finite representation type.
Before we proceed to the proof of Theorem 5.2 we need some preparations. Let A be an abelian
category with enough projectives and let X be a resolving subcategory of A . We view the stable
category A modulo projectives as a left triangulated category; then clearly the stable category X
of X is a left triangulated subcategory of A , see [27], so X has weak kernels and therefore the
category of coherent functors mod-X over X is abelian with enough projectives. Moreover the
Yoneda embedding X ÝÑ mod-X, X ÞÝÑ Homp´, Xq has image in Projmod-X and if idempotents
split in X, it induces an equivalence X « Projmod-X. In the sequel we identify mod-X with the full
subcategory of mod-X consisting of all coherent functors F : Xop ÝÑ Ab which admit a presentation
Xp´, X1q ÝÑ Xp´, X0q ÝÑ F ÝÑ 0 such that the map X1 ÝÑ X0 is an epimorphism in A . This
clearly coincides with the full subcategory of mod-X consisting of all functors vanishing on the
projectives.
Lemma 5.3. Let A be an abelian category and pX,Yq a cotorsion pair in A with heart ω “ XXY.
(i) The category mod-X is abelian with enough projectives and the restricted Yoneda functor
H : A ÝÑ Mod-X, HpAq “ A p´, Aq|X has image in mod-X.
(ii) The category X{ω is right triangulated and the category pX{ω-modqop is abelian with enough
injectives. If idempotents split in X{ω, then we have an equivalence X{ω « InjpX{ω-modqop.
(iii) If A has enough projectives, then mod-X has enough projectives and enough injectives.
Moreover if idempotents split in X{ω, then the assignment X ÞÝÑ Ext1A p´, Xq|X gives rise
to an equivalence
X{ω « Injmod-X
Proof. (i), (ii) Since X is contravariantly finite in A it follows that X has weak kernels and therefore
mod-X is abelian. For any object A P A , let X0A ÝÑ A be a right X-approximation of A, and let
X1A ÝÑ K be a right X-approximation of the kernelK ofX
0
A ÝÑ A. Applying the functor H we have
clearly an exact sequence HpX1Aq ÝÑ HpX
0
Aq ÝÑ HpAq ÝÑ 0 which shows that HpAq is coherent.
Hence ImH Ď mod-X. By [27, Lemma VI.1.1] the stable category X{ω is right triangulated, in
particular X{ω has weak cokernels. Therefore X{ω-mod is abelian with enough projectives and part
(ii) follows.
(iii) Consider the Yoneda embedding H : X ÝÑ mod-X, HpXq “ Xp´, Xq. Since ω is an Ext-
injective cogenerator of X, we may choose, @X P X, an ω-injective copresentation of X , i.e. an
exact sequence 0 ÝÑ X ÝÑ T ÝÑ X 1 ÝÑ 0, where T P ω and X 1 P X. Then we have a projective
resolution in mod-X:
0 ÝÑ HpXq ÝÑ HpT q ÝÑ HpX 1q ÝÑ Ext1A p´, Xq|X ÝÑ 0
This shows that Ext1A p´, Xq|X is coherent and lies in mod-X, @X P X. We show that Ext
1
A p´, Xq|X
is injective in mod-X. Let F be in mod-X with a presentation Xp´, X1q ÝÑ Xp´, X0q ÝÑ F ÝÑ 0
in mod-X such that the map X1 ÝÑ X0 is an epimorphism. Since X is resolving, we have an exact
sequence 0 ÝÑ X2 ÝÑ X1 ÝÑ X0 ÝÑ 0 in X which induces a projective resolution of F in mod-X:
0 ÝÑ HpX2q ÝÑ HpX1q ÝÑ HpX0q ÝÑ F ÝÑ 0 (5.1)
and a triangle ΩX0 ÝÑ X2 ÝÑ X1 ÝÑ X0 in X which induces a projective resolution of F in
mod-X:
¨ ¨ ¨ ÝÑ Xp´,ΩX0q ÝÑ Xp´, X2q ÝÑ Xp´, X1q ÝÑ Xp´, X0q ÝÑ F ÝÑ 0
Then Ext1mod-X
`
F,Ext1A p´, Xq|X
˘
is the homology of the complex
Ext1A pX0, Xq ÝÑ Ext
1
A pX1, Xq ÝÑ Ext
1
A pX2, Xq
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which is exact. Hence Ext1mod-X
`
F,Ext1A p´, Xq|X
˘
“ 0 and this implies that Ext1A p´, Xq|X is injec-
tive in mod-X. Let α : X1 ÝÑ X2 be a map in X and 0 ÝÑ Xi ÝÑ Ti ÝÑ X
1
i ÝÑ 0 be ω-injective
copresentations of the Xi. Since Ext
1
A pX
1
1, T2q “ 0, there exists an exact commutative diagram in
X:
0 ÝÝÝÝÑ X1 ÝÝÝÝÑ T1 ÝÝÝÝÑ X
1
1 ÝÝÝÝÑ 0
α
§§đ β§§đ γ§§đ
0 ÝÝÝÝÑ X2 ÝÝÝÝÑ T2 ÝÝÝÝÑ X
1
2 ÝÝÝÝÑ 0
which induces an exact commutative diagram in mod-X:
0 ÝÝÝÝÑ HpX1q ÝÝÝÝÑ HpT1q ÝÝÝÝÑ HpX
1
1q ÝÝÝÝÑ Ext
1
A p´, X1q|X ÝÝÝÝÑ 0
Hpαq
§§đ Hpβq§§đ Hpγq§§đ α˚§§đ
0 ÝÝÝÝÑ HpX2q ÝÝÝÝÑ HpT2q ÝÝÝÝÑ HpX
1
2q ÝÝÝÝÑ Ext
1
A p´, X2q|X ÝÝÝÝÑ 0
By diagram chasing it is easy to see that the objects Ext1A p´, Xiq|X are independent of the chosen
ω-injective copresentations of the Xi, and the map α
˚ is independent of the liftings β and γ of α.
In this way we obtain a functor H˚ : X ÝÑ mod-X, H˚pXq “ Ext1A p´, Xq|X, and H
˚pαq “ α˚.
Since H˚pωq “ 0, H˚ induces a functor H_ : X{ω ÝÑ mod-X, and by the above analysis we have
ImH_ Ď Injmod-X. If α˚ “ 0, then chasing the above diagram we see that α factors through
X1 ÝÑ T1 and therefore α is zero in X{ω, i.e. H
_ is faithful. In the same way, using that H is fully
faithful and its image consists of projective objects of mod-X, we see that H_ is full. Let F be an
injective object in mod-X with projective resolution in mod-X as in p5.1q. Then the induced long
exact sequence
0 ÝÑ HpX2q ÝÑ HpX1q ÝÑ HpX0q ÝÑ Ext
1
A p´, X2q|X ÝÑ ¨ ¨ ¨
shows that we have a monomorphism F ֌ Ext1A p´, X2q|X in mod-X which splits since F is injective.
This produces an idempotent endomorphism f of Ext1A p´, X2q|X which clearly comes from an
idempotent endomorphism e : X2 ÝÑ X2 in X{ω. By our hypothesis on X{ω, the idempotent e
splits: there is an object X3 P X and morphisms κ : X2 ÝÑ X3 and λ : X3 ÝÑ X2 such that
e “ κ ˝ λ and 1X
3
“ λ ˝ κ. This clearly implies that F is isomorphic to H_pX3q and therefore
H_ : X{ω ÝÑ Injmod-X is an equivalence. 
We have the following consequence, see also [34, Proposition 4.6] for a related result.
Corollary 5.4. Let A be an abelian category and pX,Yq a cotorsion pair in A with heart ω “ XXY.
(i) If A has enough projectives, then there is an equivalence:
mod-X
«
ÝÑ pX{ω-modqop
(ii) If A has enough injectives, then there is an equivalence:
Y-mod
«
ÝÑ pmod-Y{ωqop
Proof. By Lemma 5.3, the abelian category mod-X has enough injectives and we have a full em-
bedding H˚ : X{ω ÝÑ Injmod-X and Injmod-X “ add ImH˚. Taking coherent functors we have
mod-X «
`
pInj mod-Xq-mod
˘op
«
`
padd ImH_q-mod
˘op
« pX{ω-modqop. The second part is proved
in a dual way. 
Example 5.5. pαq If A has enough projectives and enough injectives, then considering the cotorsion
pairs pA , InjA q and pProjA ,A q in A , we deduce an equivalence
mod-A « pA -modqop
pβq Let T , resp. S, be a cotilting, resp. tilting, module over an Artin algebra Λ. Since we have
cotorsion pairs pKT,Yq and pX, SKq in mod-Λ, we deduce equivalences:
mod-KT « tpKT { addT q-moduop and SK-mod « tmod-pSK{ addSquop
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If idT ď 1, resp. pdS ď 1, then it is easy to see that Y{ addT « Z :“ tA P mod-Λ | HomΛpA, T q “
0u, resp. X{ addS « W :“ tA P mod-Λ | HomΛpS,Aq “ 0u, see [29, Proposition V.5.2]. It follows
that in this case we have equivalences:
Y-mod « pmod-Zqop and mod-X « pW-modqop
For the proof of the following we refer to [11, 2.43], [4, Theorem 3.3] and [23, Corollary 4.9].
Lemma 5.6. Let X be a resolving subcategory of an abelian category A with enough projectives.
If X Ď KtProjA u, then the loop functor Ω : X ÝÑ X is fully faithful and any projective object in
mod-X is injective.
Theorem 5.7. Let A be an abelian category and pX,Yq a cotorsion pair in A with heart ω “ XXY.
(i) Assume that A has enough projectives and X Ď K ProjA . Then X Ď GProjA provided
that one of the following conditions holds:
(a) res. dimX A ă 8.
(b) X is of finite representation type and idempotents split in X{ω.
(ii) Assume that A has enough injectives and Y Ď pInjA qK. Then Y Ď GInjA provided that
one of the following conditions holds:
(a) cores. dimY A ă 8.
(b) Y is of finite representation type and idempotents split in Y{ω.
Proof. We only prove (i) since part (ii) follows by duality.
Since X Ď K ProjA , it follows that ProjA Ď Y and therefore ProjA Ď ω. We first show that in
both cases the conclusion X Ď GProjA follows from the equality ω “ ProjA . Indeed if this equality
holds, then since ω, as the heart of the cotorsion pair pX,Yq, is an injective cogenerator of X, it
follows that for any objectM P X there exists a short exact sequence 0 ÝÑM ÝÑ P ÝÑM 1 ÝÑ 0,
where P is projective and M 1 P X. Since X Ď K ProjA , this clearly implies that M is Gorenstein-
projective. Hence X Ď GProjA .
(a) If res. dimX A “ d ă 8, then by [29, Proposition VII.1.1] there exists a cotorsion pair
pX,Projă8 A q with heart ProjA . It follows that Y “ Projă8 A and then clearly ω “ ProjA .
(b) Since X is a Krull-Schmidt category of finite representation type, it follows that so are ProjA
and ω. Assume that ωzProjA ‰ H. Let tT1, T2, ¨ ¨ ¨ , Tlu, where l ě 1, be the set of indecomposable
non-projective objects of ω and let tX1, X2, ¨ ¨ ¨ , Xku be the set of indecomposable objects of X
which are not in ω. Note that if X “ ω, then it is easy to see that X “ ProjA Ď GProjA ,
so we may exclude this trivial case. Set T “ ‘li“1Ti, S “ ‘
k
i“1Xi, and X “ T ‘ S. Then
X “ addpP ‘Xq, where P is the direct sum of the set of non-isomorphic indecomposable projective
objects of A . Consider the stable categories X and X{ω. Then clearly X “ addX and X{ω “ addS.
Since idempotents split in X{ω, by Lemma 5.3 there is an equivalence Injmod-X « X{ω. On the
other hand, since X Ď K ProjA , by Lemma 5.6 it follows that any projective object of mod-X is
injective, i.e. Projmod-X Ď Injmod-X. Putting things together we infer the existence of a full
embedding X ÝÑ X{ω which is the composite X
«
ÝÑ Projmod-X ÝÑ Injmod-X
«
ÝÑ X{ω. Therefore
k` l “ |X| ď |X{ω| “ k. This contradiction shows that l “ 0, i.e. any indecomposable object of the
heart ω is projective. We infer that ω “ ProjA . 
Remark 5.8. Let A be an abelian Krull-Schmidt category with enough projectives and enough
injectives. If X is a contravariantly finite resolving subcategory of A , then it is easy to see that
there exists a cotorsion pair pX,Yq in A , where Y “ XK. Hence Theorem 5.7 applies to resolving
subcategories of finite representation type in A such that idempotents split in X
L
X X XK and
X Ď K ProjA .
A full subcategory X of an abelian category A is called projectively thick if X is resolving and
closed under direct summands and cokernels of ProjA -monics. By [26], the map X ÞÝÑ X gives a
bijection between projectively thick subcategories of GProjA , and thick subcategories of GProjA .
The following gives a non-commutative generalization of the above mentioned result of Yoshino, see
[71, Theorem 5.5].
ON ALGEBRAS OF FINITE CM-TYPE 24
Proposition 5.9. Let Λ be an Artin algebra and X a resolving subcategory of mod-Λ. Then the
following statements are equivalent.
(i) X is of finite representation type and X Ď KΛ.
(ii) (a) X is contravariantly finite in mod-Λ,
(b) X is a projectively thick subcategory of GprojΛ, and
(c) The functor category Mod-X is Frobenius.
(iii) (a) X is contravariantly finite in mod-Λ,
(b) X is a triangulated subcategory of mod-Λ, and
(c) The stable triangulated category lim
ÝÑ
X{ lim
ÝÑ
projΛ is phantomless.
In particular if X is a representation-finite resolving subcategory of KΛ, then X Ď GprojΛ, mod-X
and Mod-X are Frobenius, and there is an equivalence lim
ÝÑ
tX{ projΛu « lim
ÝÑ
X
L
lim
ÝÑ
projΛ.
Proof. (i) ñ (ii) Clearly X is contravariantly finite in mod-Λ. Since mod-Λ is Krull-Schmidt with
enough injectives, by Remark 5.8, there exists a cotorsion pair pX,Yq in mod-Λ, where Y “ XK,
and idempotents split in the stable category X{X X Y. Then X Ď GprojΛ by Theorem 5.7. Since
Mod-X « Mod-Γ where Γ is the stable endomorphism algebra of a representation generator of X, it
follows that Mod-X is Frobenius. Finally as in [26, Proof of Proposition 3.8(iii)] we see that X is
projectively thick.
(ii) ñ (i) Clearly X Ď KΛ and the stable category X is a thick triangulated subcategory of
GprojΛ. By [26, Theorem 9.4] the stable category limÝÑX
L
limÝÑ projΛ is triangulated and compactly
generated, and we have an equivalence X « tlimÝÑX
L
limÝÑ projΛu
cpt. Hence the representation category
of limÝÑX
L
limÝÑ projΛ is equivalent to the module category Mod-X which by hypothesis is Frobenius;
this clearly implies that Mod-X is perfect. On the other hand since X is contravariantly finite, as
in the proof of Theorem 3.1, it follows that X is a dualizing variety. Then by [18] so is X and
consequently X has left almost split maps. This implies by [25, Theorem 10.2] that Mod-X is locally
finite. Then a similar argument as in the proof of Theorem 3.1 shows that X, or equivalently X, is
of finite representation type.
(ii) ô (iii) This follows from the following facts: pαq X is a triangulated subcategory of mod-Λ
if and only if X is projectively thick and consists of Gorenstein-projective modules [26], and pβq
limÝÑX
L
limÝÑ projΛ is compactly generated and phantomless if and only if the module category Mod-X
is Frobenius [22]. 
If A is an abelian category, we let Ω8pA q be the full subcategory of A consisting of arbitrary
syzygy objects, i.e. objects A admitting an exact sequence 0 ÝÑ A ÝÑ P 0 ÝÑ P 1 ÝÑ ¨ ¨ ¨ , with
Pn P ProjA , @n ě 0.
Corollary 5.10. Let Λ be an Artin algebra and let X be a resolving subcategory of mod-Λ. If
X Ď KΛ and Ω8pmod-Λopq is of finite representation type, then X Ď GprojΛ.
Proof. Since X Ď KΛ, it follows directly that TrpXq Ď Ω8pmod-Λopq. Since Tr : mod-Λ ÝÑ mod-Λop
is a duality, we have a fully faithful functor Tr : X ÝÑ Ω8pmod-Λopq. It follows that X is of finite
representation type and therefore X Ď GprojΛ by Proposition 5.9. 
Now we can give the proof of Theorem 5.2.
Proof of Theorem 5.2. (i) ñ (ii) ñ (iii) If KΛ “ GprojΛ, then KΛ X pGprojΛqK “ GprojΛ X
pGprojΛqK. Clearly any finitely generated projective module lies in GprojΛ X pGprojΛqK. If X P
GprojΛ X pGprojΛqK, then since X is Gorenstein-projective, there is a short exact sequence 0 ÝÑ
X ÝÑ P ÝÑ X 1 ÝÑ 0, where P P projΛ and X 1 P GprojΛ. This extension splits since X P
pGprojΛqK, so X is projective as a direct summand of P . Hence GprojΛXpGprojΛqK “ projΛ which
is always of finite representation type.
(iii) ñ (i) Since by [26], the subcategory pGprojΛqK is resolving, it follows that so is KΛ X
pGprojΛqK. Hence KΛ X pGprojΛqK is a resolving subcategory of mod-Λ of finite representation
type. Then by Proposition 5.9 we have KΛ X pGprojΛqK Ď GprojΛ. Let T be in mod-Λ such
that addT “ KΛ X pGprojΛqK. Then T is Gorenstein-projective and since T lies in pGprojΛqK we
infer that T is projective. On the other hand since any projective module lies in both KΛ and
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pGprojΛqK, we infer that KΛ X pGprojΛqK “ projΛ. Since GprojΛ is contravariantly finite, there is
a cotorsion pair pGprojΛ, pGprojΛqKq in mod-Λ. Hence @A P KΛ there exists a short exact sequence
0 ÝÑ A ÝÑ Y A ÝÑ XA ÝÑ 0, where Y A P pGprojΛqK and XA P GprojΛ. Clearly then Y A lies in
KΛXpGprojΛqK, hence Y A is projective and therefore A – ΩXA. Since XA is Gorenstein-projective,
this implies that so is A. We infer that KΛ “ GprojΛ. ✷
Corollary 5.11. For an Artin algebra Λ, the following are equivalent.
(i) KΛ is of finite representation type.
(ii) Λ is of finite CM-type and KΛ “ GprojΛ.
5.2. Infinitely generated stable modules. Now we turn our attention to the question of when
infinitely generated stable modules, i.e. modules in KΛ “ tA P Mod-Λ | ExtnΛpA,Λq “ 0, @n ě 1u,
are Gorenstein-projective.
Proposition 5.12. If Λ is an Artin algebra then the following are equivalent.
(i) Λ is virtually Gorenstein and GProjΛ “ KΛ.
(ii) Any module in KΛ XpGprojΛqK is a direct sum of finitely generated modules.
(iii) (a) KΛX pGprojΛqK is of finite representation type.
(b) Any finitely generated module admits a left tKΛ X pGprojΛqKu-approximation which
is finitely generated.
(iv) KΛ X pGprojΛqK is a pure-semisimple locally finitely presented category.
If piq holds, then: KΛ “ GprojΛ.
Proof. Set H “ KΛX pGprojΛqK and ω “ H Xmod-Λ. Then clearly ω “ KΛX pGprojΛqK.
(i) ñ (ii) This follows from Proposition 4.7 since in this case we have pGprojΛqK “ pGProjΛqK “
limÝÑpGprojΛq
K.
(ii) ñ (iii) We have H “ limÝÑω “ Addω. Clearly then any finitely generated module admits
a finitely generated left H-approximation. Since ω is resolving, by Theorem 3.1, ω is of finite
representation type.
(iii)ñ (iv) Since the subcategories KΛ and pGprojΛqK are definable and resolving, it follows that
so is H. Then by [53] condition (b) implies that H “ lim
ÝÑ
ω, so H is locally finitely presented. On
the other hand condition (a) together with Theorem 3.1 implies that H is pure-semisimple.
(iv)ñ (i) Since ω is resolving, by Theorem 3.1 it follows that ω “ fpH is of finite representation
type. Then as in the proof of Theorem 5.2 we infer that ω “ projΛ and therefore H “ limÝÑ projΛ “
ProjΛ. Consider the cotorsion pair pA , pGprojΛqKq in Mod-Λ cogenerated by GprojΛ. Clearly then
we have inclusions A Ď limÝÑGprojΛ Ď GProjΛ Ď
KΛ. If M lies in KΛ, let 0 ÝÑ M ÝÑ YM ÝÑ
AM ÝÑ 0 be a short exact sequence, where YM P pGprojΛqK and AM P A . Plainly YM lies in KΛ
X pGprojΛqK “ H, hence YM is projective. Then M lies in A since the latter is resolving. We infer
that A “ KΛ and therefore A “ limÝÑGprojΛ “ GProjΛ “
KΛ. Then KΛ “ GprojΛ and, by 4.6.1,
the equality GProjΛ “ limÝÑGprojΛ shows that Λ is virtually Gorenstein. 
Recall that the Gorenstein Symmetry Conjecture, (GSC) for short, see [17, 29, 26], asserts that
an Artin algebra with finite one-sided self-injective dimension is Gorenstein. This conjecture is still
open. However virtually Gorenstein algebras, in particular algebras which are derived or stably
equivalent to algebras of finite representation type satisfy (GSC), see [26]. The next consequence
shows that also algebras for which stable modules are Gorenstein-projective satisfy the conjecture.
Corollary 5.13. Let Λ be an Artin algebra. If idΛΛ ă 8, then the following are equivalent.
(i) Λ is Gorenstein.
(ii) GprojΛ is contravariantly finite and KΛX pGprojΛqK is of finite representation type.
(iii) Any module in KΛX pGprojΛqK is a direct sum of finitely generated modules.
Proof. If (i) holds then Λ is virtually Gorenstein and KΛ “ GProjΛ. Then assertion (iii) holds by
Proposition 5.12. If (iii) holds, then, by Proposition 5.12, Λ is virtually Gorenstein and then (i)
holds, by Example 4.5.1. If Λ is Gorenstein, then by 4.6.5, GprojΛ is contravariantly finite and
clearly we have KΛXpGprojΛqK “ projΛ which is of finite representation type, so (i) implies (ii). If
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(ii) holds, then by Theorem 5.2 we have KΛ “ GprojΛ. Since idΛΛ “ d ă 8, it follows that for any
module A P mod-Λ, we have Extd`k
Λ
pA,Λq – ExtkΛpΩ
dA,Λq “ 0, @k ě 1. Hence ΩdA P KΛ “ GprojΛ,
@A P mod-Λ. This implies that res. dimGprojΛmod-Λ “ G-dimΛ ď d. Therefore Λ is Gorenstein. 
5.3. Local Rings. Let throughout R be a commutative Noetherian local ring. The following result
shows that if R is Gorenstein but not Artinian, then the condition KR “ GProjR does not necessarily
holds.
Proposition 5.14. If R is Gorenstein, then the following statements are equivalent.
(i) R is complete and KR “ GProjR.
(ii) R is Artinian.
Proof. Since R is Gorenstein, there exists a cotorsion pair pGProjR,Projă8Rq in Mod-R, where
Projă8R denotes the full subcategory of all R-modules with finite projective dimension, see [21, 40].
If A lies in K ProjR, let p:q : 0 ÝÑ YA ÝÑ XA ÝÑ A ÝÑ 0 be an exact sequence, where XA is
Gorenstein-projective and YA has finite projective dimension. Then clearly YA lies in
K ProjR, and
since YA has finite projective dimension, we infer that YA is projective. Then p:q splits and therefore
A is Gorenstein-projective, i.e. GProjR “ K ProjR.
(i) ñ (ii) Since R is complete, it follows that R is pure-injective as an R-module, see [46]. On
the other hand it is well-known that if E is a pure-injective module over a ring S, then for any
filtered system tAi | i P Iu of S-modules, we have an isomorphism limÐÝExt
n
SpAi, Eq – Ext
n
SplimÝÑAi, Eq,
@n ě 0, see [10, Chap. 1, Proposition 10.1]. We infer that KR, and therefore GProjR, is closed under
filtered colimits. Since GprojR Ď GProjR, we have lim
ÝÑ
GprojR Ď GProjR. Since R is Gorenstein,
by [40] we also have GFlatR Ď limÝÑGprojR. Hence any Gorenstein-flat R-module is Gorenstein-
projective. In particular any flat R-module is Gorenstein-projective. However since R is local, it
follows that the big finitistic dimension, which is equal to the Krull dimension of R, is finite. By
a result of Jensen [45] this implies that any flat R-module has finite projective dimension. Since
clearly any Gorenstein-projective module with finite projective dimension is projective, we infer that
any flat R-module is projective and therefore R is perfect. This is equivalent to R being Artinian.
(ii)ñ (i) Since R is Artinian, it follows that R is complete and moreover we have KR “ K ProjR,
since in this case any projective R-module is a direct summand of a product of copies of R, see [56].
Hence GProjR “ KR. 
Corollary 5.15. The following statements are equivalent.
(i) R is complete and Ω8pMod-Rq Ď KR Ď GProjR.
(ii) R is Artinian Gorenstein.
If piiq holds, then the inclusions in piq are equalities. If GprojR ‰ projR, then the above are also
equivalent to:
piiiq R is complete, GprojR is contravariantly finite and GProjR “ KR.
Proof. (i) ñ (ii) Since GProjR Ď K ProjR, the hypothesis implies that Ω8pMod-Rq Ď K ProjR. Let
P ‚ be an acyclic complex of projective R-modules. Then @n P Z, the R-module An :“ KerpPn ÝÑ
Pn`1q lies in Ω8pMod-Rq. Since the latter is contained in K ProjR, it follows that the complex
HomRpP
‚, P q is acyclic, @P P ProjR. Hence any acyclic complex of projective R-modules is totally
acyclic. Since R is complete, it is well-known that R admits a dualizing complex. Then by [55] it
follows that R is Gorenstein. Then R is Artinian by Proposition 5.14.
(ii) ñ (i) Clearly R is complete, and KR “ GProjR by Proposition 5.14. If d “ idR, then
any R-module admits a finite resolution of length at most d by Gorenstein-projective modules,
equivalently ΩdpAq is Gorenstein-projective, @A P Mod-R. Let A be in Ω8pMod-Rq and let 0 ÝÑ
A ÝÑ P 0 ÝÑ P 1 ÝÑ ¨ ¨ ¨ be an exact sequence, where the Pns are projective. Setting A0 “ A
and An :“ KerpPn ÝÑ Pn`1q, @n ě 1, it follows that A “ ΩdAd and therefore A is Gorenstein-
projective. Hence Ω8pMod-Rq Ď GProjR. 
Corollary 5.16. If R is of finite CM-type and GprojR ‰ projR, then the following are equivalent.
(i) R is Artinian (Gorenstein).
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(ii) R is complete and any module in KR X pGProjRqK is a direct sum of finitely generated
modules.
Proof. By Theorem 4.20, R is Gorenstein and therefore pGProjRqK “ Projă8R.
(i) ñ (ii) Clearly R is complete and by Proposition 5.14 we have KR “ GProjR. Hence KR X
pGProjRqK “ GProjRX Projă8R “ ProjR and (ii) follows.
(ii) ñ (i) Since R is of finite CM-type, we have GProjR “ AddGprojR. This clearly implies
that KR “ GprojR and pGProjRqK “ pGprojRqK . Since R is complete, this in turn implies that the
resolving subcategory KR X pGProjRqK is definable, and in particular it is closed under products.
Since any module in KR X pGProjRqK is a direct sum of modules in KR X pGprojRqK “ projR, it
follows that KR X pGProjRqK “ ProjR and therefore ProjR is closed under products. Then by
Chase’s Theorem, see [46], R is perfect and consequently Artinian. 
6. Relative Auslander Algebras
Let Λ be an Artin algebra. If Λ is of finite representation type and Γ is the endomorphism ring of
a representation generator of mod-Λ, then by a classical result of Auslander [7], Γ is an Auslander
algebra, i.e. gl. dimΓ ď 2 ď dom. dimΓ, where dom. dimΓ denotes the dominant dimension of Γ,
that is, the smallest integer d ě 0 such that the first d terms of a minimal injective resolution of
Γ are projective. In this section we are concerned with the global dimension of the endomorphism
ring of a representation generator of a resolving subcategory X of mod-Λ. Then we apply our results
to the case X “ GprojΛ for an Artin algebra Λ of finite CM-type.
6.1. Auslander Algebras of resolving subcategories of finite representation type. To
proceed further we need the following general observation.
Lemma 6.1. Let A be an abelian category with enough projectives and pX,Yq a cotorsion pair in
A with heart ω “ XXY. If H : A ÝÑ mod-X, HpAq “ A p´, Aq|X is the restricted Yoneda functor,
then:
(i) H : A ÝÑ mod-X is fully faithful and admits an exact left adjoint T : mod-X ÝÑ A .
(ii) @A P A : pdHpAq “ res. dimXA.
Proof. (i) Define a functor T : mod-X ÝÑ A as follows. If HpX1q ÝÑ HpX0q ÝÑ F ÝÑ 0 is
a finite presentation of F P mod-X, then set TpF q “ CokerpX1 Ñ X0q. It is easy to see that
this defines a functor T : mod-X ÝÑ A which is left adjoint to H. For any object A P A let
0 ÝÑ Y 0A ÝÑ X
0
A ÝÑ A ÝÑ 0 and 0 ÝÑ Y
1
A ÝÑ X
1
A ÝÑ Y
0
A ÝÑ 0 be right X-approximation
sequences of A and Y 0A respectively, and observe that X
1
A :“ ω
1
A lies in XX Y “ ω since Y is closed
under extensions. Continuing in this way we have an exact resolution
¨ ¨ ¨ ÝÑ ωnA ÝÑ ω
n´1
A ÝÑ ¨ ¨ ¨ ÝÑ ω
1
A ÝÑ X
0
A ÝÑ A ÝÑ 0 (6.1)
where the ωiA lie in ω and the Y
i
A “ Impω
i
A Ñ ω
i´1
A q lie in Y. By construction this sequence remains
exact after applying H and therefore
¨ ¨ ¨ ÝÑ HpωnAq ÝÑ Hpω
n´1
A q ÝÑ ¨ ¨ ¨ ÝÑ Hpω
1
Aq ÝÑ HpX
0
Aq ÝÑ HpAq ÝÑ 0 (6.2)
is a projective resolution of HpAq. Applying T and using that TH|X – IdX, we infer that the counit
TH ÝÑ IdA is invertible and the resulted complex is acyclic. Hence H is fully faithful and it is easy
to see that T is exact.
(ii) Set d :“ res. dimXA. If d “ 0, then A P X and therefore pdHpAq “ 0, since HpAq is projective.
Assume that d ě 1. Since X is resolving and res. dimXA “ d, the object Y
d
A P Y in (6.1) lies in X,
see [11, Lemma 3.12]. Hence Y dA :“ ω
d
A lies in ω and therefore (6.2) gives a projective resolution
0 ÝÑ HpωdAq ÝÑ Hpω
d´1
A q ÝÑ ¨ ¨ ¨ ÝÑ Hpω
1
Aq ÝÑ HpX
0
Aq ÝÑ HpAq ÝÑ 0
We infer that pdHpAq ď d. If pdHpAq “ t ă d, then HpY tAq will be projective, or equivalently
Y tA P XXY “ ω. Then res. dimXA ď t and this is not true. We infer that pdHpAq “ d “ res. dimXA.
This argument also shows that res. dimXA “ 8 if and only if pdHpAq “ 8. 
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Now let X be a contravariantly finite subcategory of mod-Λ. As before we denote by LpXq “
Mod-X the representation category of limÝÑX. In this subsection we denote by H the functor
Mod-Λ ÝÑ LpXq, which is given by HpAq “ HomΛp´, Aq|X. Contravariant finiteness of X im-
plies that the category mod-X of coherent functors Xop Ñ Ab is abelian and then H induces a
functor H : mod-Λ ÝÑ mod-X.
Corollary 6.2. Let X be a contravariantly finite resolving subcategory of mod-Λ. Then:
(i) @A P mod-Λ: pdHpAq “ res. dimXA.
(ii) @A P Mod-Λ: fd HpAq “ res. dimlim
ÝÑ
XA.
(iii) @A P Mod-Λ: pdHpAq “ res. dimlim
ÝÑ
XA iff X is of finite representation type.
Proof. By a result of Auslander-Reiten, see [14], there exists a cotorsion pair pX,Yq in mod-Λ.
Then (i) follows from Lemma 6.1. By a result of Krause-Solberg, see [57], pX,Yq extends to a
cotorsion pair plimÝÑX, limÝÑYq in Mod-Λ. Since X consists of finitely presented modules, the functor
H : Mod-Λ ÝÑ Mod-X commutes with filtered colimits. This implies that H induces an equivalence
between lim
ÝÑ
X and FlatpMod-Xq and an equivalence between AddX and ProjpMod-Xq. Then working
as in Lemma 6.1, part (ii) follows. Finally (iii) holds iff any flat X-module is projective iff Mod-X is
perfect. As in the proof of Theorem 3.1 this is equivalent to saying that X is of finite representation
type. 
Definition 6.3. Let X be a resolving subcategory of mod-Λ which is of finite representation type.
If T is a representation generator of X, i.e. X “ addpT q, then the Artin algebra
ApXq :“ EndΛpT q
op
is called the Auslander algebra of X, or the X-Auslander algebra of Λ.
Clearly the Auslander algebra of X is unique up to Morita equivalence, that is ApXq is up to Morita
equivalence independent of the choice of the representation generator of X, and in case X “ mod-Λ,
i.e. Λ is of finite representation type, Apmod-Λq is the Auslander algebra of Λ. Auslander proved
that gl. dimApmod-Λq “ 2 provided that Λ is not semisimple. The following result treats the general
case.
Proposition 6.4. Let X be a representation-finite resolving subcategory of mod-Λ.
(i) gl. dimApXq “ 0 if and only if Λ is semisimple (and then X “ projΛ).
(ii) gl. dimApXq “ 1 if and only if gl. dimΛ “ 1 and X “ projΛ.
(iii) gl. dimApXq “ 2 if and only if either
(a) X “ projΛ and gl. dimΛ “ 2, or
(b) X ‰ projΛ and res. dimXmod-Λ ď 2.
(iv) If res. dimX mod-Λ ě 3, then: gl. dimApXq “ res. dimX mod-Λ.
In any case we have the following bounds:
gl. dimApXq “
#
gl. dimΛ if X “ projΛ,
max
 
2, res. dimX mod-Λ
(
if X ‰ projΛ.
Proof. (i) If Λ is semisimple, then X “ projΛ “ mod-Λ and clearly gl. dimApXq “ 0. Conversely if
this holds, then let A P mod-Λ and let f : P ÝÑ A be the projective cover of A. Then the projection
HpP q Ñ ImHpfq splits and therefore ImHpfq is projective, hence ImHpfq – HpXq for some direct
summand X of P . Applying T we have A – X . Hence A is projective and therefore Λ is semisimple.
(ii) If X “ projΛ and gl. dimΛ “ 1, then gl. dimApXq “ 1, since ApXq is Morita equivalent
to Λ. Conversely assume that gl. dimApXq “ 1 and there is a non-projective module X P X.
Let 0 ÝÑ ΩX ÝÑ P ÝÑ X ÝÑ 0 be exact where P is projective. Then we have an exact
sequence 0 ÝÑ HpΩXq ÝÑ HpP q ÝÑ HpXq ÝÑ M ÝÑ 0 in mod-ApXq and M is not zero since
otherwise X will be projective as a direct summand of P . Let N :“ ImpHpP q Ñ HpXqq. Then N
is projective, hence N “ HpX1q for some module X1 in X which necessarily is a direct summand
of P . Applying T we then have TpMq “ 0 and X – X1. This means that X is projective and
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this is not the case. We conclude that X “ projΛ. Hence ApXq is Morita equivalent to Λ and then
gl. dimApXq “ gl. dimΛ “ 1.
(iii) If (a) holds, then clearly gl. dimApXq “ 2 since ApXq is Morita equivalent to Λ. If (b) holds,
and res. dimX mod-Λ “ 0, then X “ mod-Λ and therefore Λ is a non-semisimple algebra of finite
representation type. Then by Auslander’s Theorem [7] we have gl. dimApXq “ 2. Now assume
that 1 ď res. dimXmod-Λ ď 2. Since there is a non-projective module X P X, we have a non-
split exact sequence 0 ÝÑ ΩX ÝÑ P ÝÑ X ÝÑ 0 where P is projective. Then ΩX lies in X
since X is resolving, and we have a projective resolution 0 ÝÑ HpΩXq ÝÑ HpP q ÝÑ HpXq ÝÑ
M ÝÑ 0 in mod-ApXq. As in the proof of (ii) above, M is non-zero and N is not projective.
Hence pdM “ 2. On the other hand any finitely generated ApXq-module F admits a presentation
0 ÝÑ HpAq ÝÑ HpX1q ÝÑ HpX0q ÝÑ F ÝÑ 0 where the X i lie in X and A “ KerpX1 Ñ X0q. If
B “ CokerpX1 Ñ X0q, then we have an exact sequence 0 ÝÑ A ÝÑ X1 ÝÑ X0 ÝÑ B ÝÑ 0 in
mod-Λ. If B “ 0, then A P X since X is resolving. If B ‰ 0, then A P X since res. dimXB ď 2. In
any case the above exact sequence is a projective resolution of F and therefore pdF ď 2. Hence
gl. dimApXq “ 2. If gl. dimApXq “ 2, then for any Λ-module A we have res. dimXA “ pdHpAq ď 2,
so res. dimX mod-Λ ď 2. If X “ projΛ, then (i), (ii) imply that gl. dimΛ “ 2.
(iv) Let d “ res. dimX mod-Λ ě 3. LetM be a finitely generated ApXq-module and let HpX
d´1q ÝÑ
HpXd´2q ÝÑ ¨ ¨ ¨ ÝÑ HpX0q ÝÑ M ÝÑ 0 be part of the projective resolution of M . Then we
have an exact complex Xd´1 ÝÑ Xd´2 ÝÑ ¨ ¨ ¨ ÝÑ X0 ÝÑ A ÝÑ 0 in mod-Λ where the X i
lie in X and A “ CokerpX1 Ñ X0q. Since res. dimXA ď d and X is resolving, it follows that
B :“ KerpXd´1 Ñ Xd´2q lies in X, see [11]. Setting Xd “ B, we have a finite projective res-
olution 0 ÝÑ HpXdq ÝÑ HpXd´1q ÝÑ HpXd´2q ÝÑ ¨ ¨ ¨ ÝÑ HpX0q ÝÑ M ÝÑ 0 of M and
therefore gl. dimApXq ď d. Then in fact gl. dimApXq “ d since otherwise res. dimX mod-Λ ă d.
Since clearly res. dimX mod-Λ “ 8 if and only if gl. dimApXq “ 8, we infer that res. dimX mod-Λ “
gl. dimApXq. 
Remark 6.5. Let Λ be an Artin algebra of finite representation type. Also let T be a finitely
generated cotilting module of injective dimension n ě 0, see [14]. Then we have a cotorsion pair
pX,Yq in mod-Λ, where X “ KT and clearly X is a representation-finite resolving subcategory of
mod-Λ. It is well-known that res. dimXmod-Λ “ n. Hence by Proposition 6.4 we have gl. dimApXq “
n, if n ě 3; if T is not projective and n ď 2, then gl. dimApXq “ 2; finally gl. dimApXq “ n, if T is
projective and n ď 1. We infer that the global dimension of the Auslander algebra of a (non-trivial)
resolving subcategory of finite representation type can take any value n ě 0. On the other hand
let X be a representation-finite thick subcategory of mod-Λ containing Λ, i.e. X is resolving and
closed under cokernels of monomorphisms, e.g. X “ pGprojΛqK. Then gl. dimApXq “ 8, except if
X “ mod-Λ in which case gl. dimApXq ď 2.
Let X be a resolving contravariantly finite subcategory of mod-Λ. We set injX :“ XX injΛ. We
say that X has X-dominant dimension at least two: dom. diminjX X ě 2, if for any X P X, there
exists an exact sequence 0 ÝÑ X ÝÑ I0 ÝÑ I1 where the Ii lie in injX. If X “ projΛ, then
dom. dimprojΛXinjΛ projΛ :“ dom. dimΛ is the dominant dimension of Λ.
The following result describes when the X-Auslander algebra of Λ is an Auslander algebra.
Proposition 6.6. (1) Let Λ be an Artin algebra and X a representation-finite resolving subcategory
of mod-Λ. Then the following are equivalent.
(i) The X-Auslander algebra of Λ is an Auslander algebra.
(ii) res. dimX mod-Λ ď 2 ď dom. diminjXX.
If piq holds, then the Artin algebra Γ “ EndΛpJq
op, where addJ “ injX, is of finite representation
type and there are equivalences X « mod-Γ and mod-ApXq « Apmod-Γq. In particular X is abelian.
(2) Let Γ be an Artin algebra of finite representation type. Then X “ proj Apmod-Γq is a
resolving representation-finite subcategory of mod-Apmod-Γq with res. dimXmod-Apmod-Γq ď 2 ď
dom. diminjX X.
Proof. (1) If (ii) holds, then by Proposition 6.4, the X-Auslander algebra ApXq of Λ has gl. dimApXq ď
2. Since dom. dimInjXX ě 2, @X P X, there exists an exact sequence 0 ÝÑ X ÝÑ I
0 ÝÑ I1, where
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the Ii lie in injX. Since H preserves injectives as a right adjoint of the exact functor T, we infer that
0 ÝÑ HpXq ÝÑ HpI0q ÝÑ HpI1q is exact in mod-ApXq, where the HpIiq are projective-injective.
Hence dom. dimApXq ě 2 and therefore ApXq is an Auslander algebra. It is not difficult to see that
the functor H : mod-Λ ÝÑ mod-ApXq induces an equivalence H : injX « proj ApXq X inj ApXq. If
J is Λ-module such that add J “ injX, then addHpJq “ HpinjXq. By Auslander’s results [7], the
ring Γ :“ EndΛpJq
op – EndApXq HpJq
op is of finite representation type and mod-Γ is equivalent to X.
Clearly then mod-ApXq is equivalent to Apmod-Γq. Conversely if (i) holds, then gl. dimApXq ď 2. By
Proposition 6.4 we have res. dimX mod-Λ ď 2. Since dom. dimApXq ě 2, and since H is fully faithful
and induces an equivalence between injX and proj ApXqX inj ApXq, it follows that dom. diminjXX ě 2.
(2) Let Γ be an algebra of finite representation type and let Λ “ Apmod-Γq be its Auslander
algebra. Then X “ mod-Γ « projΛ is a resolving subcategory of finite representation type of
mod-Λ, injX is the full subcategory of projective-injective modules of mod-Λ and res. dimXmod-Λ “
gl. dimΛ ď 2 and dom. dimInjXpXq “ dom. dimΛ ě 2, since Λ is an Auslander algebra. 
As a consequence we have the following bound on the dimension dimDbpmod-Λq of the bounded
derived category of mod-Λ in the sense of Rouquier, see [67, 31]. Note that if X “ projΛ, then
dimDbpmod-Λq ď gl. dimΛ “ res. dimXmod-Λ, see [67].
Corollary 6.7. Let X representation-finite resolving subcategory of mod-Λ. Then:
dimDbpmod-Λq ď max
 
2, res. dimX mod-Λ
(
Proof. The exact left adjoint functor T : mod-ApXq ÝÑ mod-Λ of H induces a triangulated functor
DbT : Dbpmod-ApXqq ÝÑ Dbpmod-Λq which admits as a right adjoint the fully faithful right derived
functor of H. Hence Dbpmod-Λq is a Verdier quotient of Dbpmod-ApXqq and therefore by [67] we
have dimDbpmod-Λq ď dimDbpmod-ApXqq. Since dimDbpmod-Γq ď gl. dimΓ, for any Artin algebra
Γ, we have dimDbpmod-ApXqq ď gl. dimApXq and the assertion follows from Proposition 6.4. 
6.2. Cohen-Macaulay Auslander algebras. Let Λ be an Artin algebra. If Λ is of finite CM-
type, then we call ApGprojΛq, resp. ApGprojΛq, the resp. stable, Cohen-Macaulay Auslander algebra
of Λ.
Now as a consequence of Propositions 6.4 and 6.6 we have the following.
Corollary 6.8. Let Λ be an Artin algebra of finite CM-type. Then we have the following:
(i) gl. dimApGprojΛq “ 0 if and only if Λ is semisimple.
(ii) gl. dimApGprojΛq “ 1 if and only if gl. dimΛ “ 1.
(iii) gl. dimApGprojΛq “ 2 if and only if either
(a) GprojΛ “ projΛ and gl. dimΛ “ 2, or
(b) GprojΛ ‰ projΛ and Λ is a Gorenstein algebra with idΛ ď 2.
(iv) If G-dimmod-Λ ě 3, then:
gl. dimApGprojΛq “ G-dimΛ “ max
 
id ΛΛ, idΛΛ
(
(v) Λ is Gorenstein iff its Cohen-Macaulay Auslander algebra ApGprojΛq has finite global di-
mension.
(vi) ApGprojΛq is an Auslander algebra if and only if G-dimΛ ď 2 ď dom. dimΛ.
Note that the Artin algebras Λ satisfying G-dimΛ “ 2 “ dom. dimΛ have been described in [19].
The following consequence gives an upper bound for the dimension of the bounded derived
category of an Artin algebra of finite CM-type.
Corollary 6.9. Let Λ be a virtually Gorenstein Artin algebra of finite CM-type. Then
dimDbpmod-Λq ď max
 
2, idΛ
(
Proof. If idΛ “ 8, there is nothing to prove. Assume that idΛΛ “ d ă 8. Since Λ is virtually
Gorenstein, it follows that Λ is Gorenstein and idΛΛ “ idΛ Λ “ d. If GprojΛ “ projΛ, i.e. Λ is
Morita equivalent to ApGprojΛq, then gl. dimΛ “ d. Then the assertion follows from Corollaries 6.7
and 6.8. 
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In the commutative case we have the following consequence. Note that if R is Cohen-Macaulay,
then the second inequality below was first shown by Leuschke [58].
Corollary 6.10. Let R be a commutative Noetherian complete local ring of finite CM-type. Then:
dimDbpmod-Rq ď gl. dimApGprojRq ď max
 
2, dimR
(
ă 8
and the second inequality is an equality if dimR ě 2.
Proof. By Theorem 4.20, R is Gorenstein. Since the injective dimension idR of R coincides with
the Krull dimension dimR, the assertions follow as in Corollaries 6.8 and 6.9. 
Example 6.11. Let Λ be a non-semisimple Artin algebra. If the resolving subcategory Subpmod-Λq
of T2pΛq is of finite representation type, it follows by Proposition 6.4 that gl. dimApSubpmod-Λqq “ 2,
since Subpmod-Λq is closed under submodules in mod-T2pΛq. If in addition Λ is self-injective, e.g.
Λn “ krts{pt
nq with n ď 5, then, by Example 4.17, we have G-dimT2pΛnq “ 1 and therefore
gl. dimApGproj T2pΛnqq “ 2.
The following gives a convenient characterization of the full subcategory of Gorenstein-projectives.
Lemma 6.12. Let A be an abelian category with enough projectives. If X is a full subcategory of
GProjA , then the following are equivalent:
(i) X “ GProjA .
(ii) X is resolving and res. dimX GProjA ă 8.
Proof. If X “ GProjA , then clearly X is resolving and res. dimX GProjA “ 0. Conversely let
res. dimX GProjA “ d ă 8 and let A P GProjA . Then A – Im
`
P´1 ÝÑ P 0
˘
for some (totally)
acyclic complex ¨ ¨ ¨ ÝÑ P´1 ÝÑ P 0 ÝÑ P 1 ÝÑ ¨ ¨ ¨ of projectives. Clearly then B “ Im
`
P d´1 ÝÑ
P d
˘
is Gorenstein-projective and ΩdB “ A. Since res. dimXB ď d, by [11, 3.12] it follows that
A P X. We infer that GProjA “ X. 
Let A be an abelian category with enough projectives. Following [29, VII.1] we say that A is
Gorenstein if res. dimGProjA A ă 8. For instance if Λ is a Noetherian ring, then Λ is Gorenstein if
and only if the category Mod-Λ is Gorenstein in the above sense.
Part (ii) of the following consequence gives a trivial proof to (a generalization of) the main result
of [59].
Corollary 6.13. Let A be an abelian category with enough projectives.
(i) A is Gorenstein, resp. Gorenstein of finite CM-type, if and only if GProjA admits a
resolving subcategory X, resp. of finite representation type, such that res. dimX A ă 8.
(ii) If A is R-linear over a commutative ring R and the R-module A pA,Bq is finitely generated,
@A,B P A , then the following are equivalent:
(a) A is Gorenstein of finite CM-type.
(b) GProjA admits a resolving subcategory X of finite representation type such that:
gl. dimApXq ă 8
Proof. Part (i) follows from Lemma 6.12. For part (ii) note that for any object T of A , the
subcategory addT is contravariantly finite in A . Therefore if X is of finite representation type, then
the category X has weak kernels or equivalently the category ApXq “ mod-X « mod-EndA pT q
op
of coherent functors over X “ addT is abelian. The rest follows from Lemma 6.12 using that
res. dimX A ă 8 if and only if gl. dimApXq ă 8, see Proposition 6.4. 
We close this section with an application of Corollary 6.8 and results of Buchweitz [34] to algebras
of finite CM-type having Cohen-Macaulay Auslander algebras of global dimension 2.
Let Λ be an finite-dimensional k-algebra of finite CM-type over a field k and assume that Λ
has infinite global dimension. Let T be a representation generator of GprojΛ, so ApGprojΛq is
Morita equivalent to Γ :“ EndΛpT q
op. Then T is a representation generator of GprojΛ and the
stable Cohen-Macaulay Auslander algebra ApGprojΛq of Λ is self-injective and Morita equivalent to
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∆ :“ EndΛpT q
op. By [34], the canonical ring epimorphism Γ ÝÑ ∆, is pseudo-flat in the sense that
TorΓ1 p∆,∆q “ 0. For the notion of a quasi-periodic resolution we refer to [34].
Corollary 6.14. Let Λ be Gorenstein of dimension 2 and consider the ∆-bimodule L “ TorΓ2 p∆,∆q.
(i) L – HomΛpT,ΩT q is an invertible ∆-bimodule with inverse
L´1 “ Ext2Γp∆,Γq – HomΛpΩT, T q
(ii) ∆ admits a quasi-periodic projective resolution over the k-enveloping algebra ∆bk ∆
op of
∆ of period 3 with periodicity factor HomΛpT,ΩT q.
(iii) If HomΛpT,ΩT q is of finite order n in the Picard group Pic∆, then the Hochschild (co)-
homology of ∆ is periodic of period dividing 3n.
Proof. Since Λ is Gorenstein of dimension 2, by Corollary 6.8 we have that Γ is of global dimension
2, so its Hochschild dimension is 2. Then the assertions follow by [34, Theorem 1.5]. 
7. Rigid Gorenstein-Projective Modules
Our aim in this section is to study rigid or cluster-tilting finitely generated Gorenstein-projective
modules T over an Artin algebra Λ in connection with Cohen-Macaulay finiteness of Λ and representa–
tion-theoretic properties of the stable endomorphism algebra of T . In particular using recent results
of Keller-Reiten and Amiot we give in some cases convenient descriptions of the stable triangulated
category of Gorenstein-projectives in terms of the cluster category CQ associated to the quiver Q of
the stable endomorphism algebra of T . Moreover we show that, in this setting, derived equivalent
virtually Gorenstein algebras share the same cluster category.
Recall that if C is an abelian, resp. triangulated, category, then an object X P C is called rigid
if Ext1C pX,Xq “ 0, resp. C pX,Xr1sq “ 0. If C is triangulated, then X is called cluster-tilting,
see [49], [44], if addX is functorially finite and 
C P C |C pC,Xr1sq “ 0
(
“ addX “
 
C P C |C pX,Cr1sq “ 0
(
Let Λ be an Artin algebra. If T is a finitely generated Gorenstein-projective module, then we
denote by pGprojΛqď1T the full subcategory of GprojΛ consisting of all modules A admitting an exact
sequence 0 ÝÑ T1 ÝÑ T0 ÝÑ A ÝÑ 0, where the Ti lie in addT , i.e. res. dimaddT A ď 1.
Recall that the representation dimension rep. dimΛ of Λ in the sense of Auslander [7] is
defined by
rep. dimΛ “ inf
 
gl. dimEndΛ
`
Λ‘ DpΛq ‘X
˘
| X P mod-Λ
(
Note that rep. dimΛ ď 2 iff Λ is of finite representation type, see [7]. The following result gives
a connection between Artin algebras of finite CM-type and representation-theoretic properties of
stable endomorphism algebras of rigid Gorenstein-projective modules.
Theorem 7.1. Let T be a finitely generated Gorenstein-projective module, and assume that Λ P
addT and the module ΩnT is rigid, for some n ě 0.
(i) There is an equivalence
pGprojΛqď1T
L
addT
«
ÝÑ mod-EndΛpT q
op
and the following statements are equivalent.
(a) pGprojΛqď1T is of finite representation type.
(b) The stable endomorphism algebra EndΛpT q
op is of finite representation type.
In particular if Λ is of finite CM-type, then EndΛpT q
op is of finite representation type.
(ii) The inclusion pGprojΛqď1T Ď GprojΛ is an equality if and only T is a cluster tilting object
in GprojΛ. If this is the case, then:
(a) Λ is of finite CM-type if and only if EndΛpT q
op is of finite representation type.
(b) The following statements are equivalent:
1. U “ tX P GprojΛ | any map ΩT Ñ X factorizes through a module in addΩ´1T u
is of finite representation type.
2. V “ tX P GprojΛ | any map X Ñ Ω´3T factorizes through a module in addΩ´1T u
is of finite representation type.
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3. The stable endomorphism algebra EndΛpT q
op is of finite CM-type.
If 3. holds, then rep. dimEndΛpT q
op ď 3.
Proof. (i) Since T is Gorenstein-projective, we have isomorphisms:
Ext1ΛpΩ
nT,ΩnT q – HomΛpΩ
n`1T,ΩnT q – HomΛpΩT, T q – HomΛpT,Ω
´1T q – Ext1ΛpT, T q
Hence T is rigid if and only if ΩnT is rigid, @n ě 0, if and only if T is rigid in GprojΛ. So we may
assume that T is rigid. Consider the stable category pGprojΛqď1T of pGprojΛq
ď1
T modulo projectives,
and the functor
H : pGprojΛqď1T ÝÑ mod-EndΛpT q
op, HpAq “ HomΛpT,Aq
which induces an equivalence between addT and proj EndΛpT q
op. Since Λ P addT , it follows that
projΛ Ď addT . It is easy to see that pGprojΛqď1T coincides with the extension category addT ‹
addΩ´1T which by definition consists of all objects A for which there exists a triangle T 0 ÝÑ A ÝÑ
Ω´1T 1 ÝÑ Ω
´1T 0 in GprojΛ, where the Ti lie in addT . Since T is rigid, by a result of Keller-Reiten
[49], the functor H induces an equivalence between the stable category
`
addT ‹addΩ´1T
˘L
addT and
mod-EndΛpT q
op, hence we have an equivalence
`
GprojΛqď1T
L
addT « mod-EndΛpT q
op. It follows
directly from this that pGprojΛqď1T is of finite representation type if and only if EndΛpT q
op is of finite
representation type.
(ii) If T is a cluster tilting object in GprojΛ, then we have GprojΛ “ addT ‹ addΩ´1T , see [49],
and therefore GprojΛ “ pGprojΛqď1T . It follows that GprojΛ “ pGprojΛq
ď1
T . Conversely assume
that GprojΛ “ pGprojΛqď1T , or equivalently GprojΛ “ pGprojΛq
ď1
T . Let A be in GprojΛ such that
HompT,Ω´1Aq “ 0. Since GprojΛ “ addT ‹ addΩ´1T , there exists a triangle T 0 ÝÑ Ω
´1A ÝÑ
Ω´1T 1 ÝÑ Ω
´1T 0 in GprojΛ, where the Ti lie in addT . Then by hypothesis the first map is zero
and therefore Ω´1A is a direct summand of Ω´1T 1, or equivalently A is a direct summand of T 1,
i.e. A P addT . Hence addT “ tA P GprojΛ | HompT ,Ω´1Aq “ 0u. Since addT is contravariantly
finite, by [51] it follows that T is a cluster tilting object in GprojΛ.
Assume now that T is a cluster tilting object in GprojΛ. Then part (a) follows from (i). By
a result of Keller-Reiten [49], the endomorphism algebra EndΛpT q
op is Gorenstein of Gorenstein
dimension ď 1. Clearly in this case we have that Gproj EndΛpT q
op consists of the submodules of the
finitely generated projective EndΛpT q
op-modules, and Ginj EndΛpT q
op consists of the factors of the
finitely generated injective EndΛpT q
op-modules. Using these descriptions it is not difficult to see
that the functor H induces an equivalence between U{ addΩ´1T and Gproj EndΛpT q
op and between
V{ addΩ´1T and Ginj EndΛpT q
op. Then part (b) is a direct consequence of these equivalences and
the fact that the stable categories Gproj EndΛpT q
op and Ginj EndΛpT q
op are equivalent, see Remark
4.3. Finally by using a recent result of Ringel [63], it follows easily that the representation dimension
of a Gorenstein algebra of finite CM-type and of Gorenstein dimension at most one, is at most 3.
We infer that rep. dimEndΛpT q
op ď 3. 
We have the following consequence.
Corollary 7.2. Let Λ be an Artin algebra and assume that GprojΛ contains a cluster tilting object
T such that the algebra EndΛpT q
op is of finite CM-type. Then Λ is of infinite CM-type if and only
if rep. dimEndΛpT q
op “ 3.
Proof. Since rep. dimEndΛpT q
op ď 2 if and only if EndΛpT q
op is of finite representation type if and
only if Λ is of finite CM-type, the assertion follows from part (ii) of Theorem 7.1. 
We close this section by giving convenient descriptions of the triangulated category GprojΛ, for
a virtually Gorenstein k-algebra Λ of finite CM-type over an algebraically closed field k, under the
presence of a cluster tilted object. These descriptions follow from recent results of Amiot [1] and
Keller-Reiten [50]. First we recall that if Q is a quiver without oriented cycles, and d ě 2 or d “ 1
and Q is a Dynkin quiver, then the d-cluster category of Q over a field k, is the orbit category
C
pdq
Q :“ D
bpmod-kQq
L
pS´1rdsqZ of the bounded derived category Dbpmod-kQq of finite-dimensional
modules over the path algebra kQ under the action of the automorphism group generated by
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X ÞÑ S´1pXrdsq, where S “ ´bLkQDpkQq. As shown by Keller [48], C
pdq
Q is a triangulated category
and the projection Dbpmod-kQq ÝÑ C
pdq
Q is a triangle functor. If d “ 2, we write C
pdq
Q “ CQ.
If T is a k-linear triangulated category over a field k with finite-dimensional Hom-spaces, then a
Serre functor for T, in the sense of Bondal-Kapranov [30], is a triangulated equivalence S : T ÝÑ T
such that:
DHomTpA,Bq
«
ÝÑ HomTpB, SAq
naturally @A,B P T. If T admits a Serre functor S, then S is unique up to an isomorphism
of triangulated functors, and then T is called (weakly) d-Calabi-Yau if there exists a natural
isomorphism Sp?q
«
ÝÑ p?qrds as (additive) triangulated functors. E.g. the d-cluster category C
pdq
Q
is d-Calabi-Yau [48]. The following describes when for an Artin algebra Λ, the triangulated category
GprojΛ admits a Serre functor.
Lemma 7.3. (i) The triangulated category GprojΛ admits a Serre functor if and only if for
any A P GprojΛ, the (minimal) right GProjΛ-approximation XDTrpAq of DTrA is finitely
generated.
(ii) If Λ is virtually Gorenstein, then GprojΛ admits a Serre functor which is given by SpAq “
Ω´1XDTrA.
(iii) If Λ is of finite CM-type and GprojΛ is d-Calabi-Yau, then the stable Cohen-Macaulay Aus-
lander algebra ApGprojΛq of GprojΛ is self-injective and the stable category mod-ApGprojΛq
is p3d´ 1q-Calabi-Yau.
Proof. (i) If S is a Serre functor on GprojΛ, then DHomΛpA,Bq – HomΛpB, SAq naturally @A,B P
GprojΛ. Since GProjΛ is compactly generated, by Brown representability, we have natural isomor-
phisms DHomΛpA,Bq – HomΛpB,Ω
´1XDTrAq, see [26, Proposition 8.8]. Hence @A P GprojΛ we
have a natural isomorphism SA – Ω´1XDTrA. It follows that Ω
´1XDTrA, hence XDTrA, is finitely
generated, @A P GprojΛ. Conversely if this holds, then clearly A ÞÑ Ω´1XDTrA is a Serre functor on
GprojΛ.
(ii), (iii) Since Λ is virtually Gorenstein iff XM is finitely generated for any M P mod-Λ, see
[26, Corollary 8.3], (ii) follows from (i). Part (iii) follows from our previous results and a result of
Keller, see [48, Lemma 8.5.2], which asserts that if T is a d-Calabi-Yau triangulated category, then
the stable triangulated category mod-T of the Frobenius category mod-T of coherent functors over
T is p3d´ 1q-Calabi-Yau. 
We have the following consequence.
Corollary 7.4. Let Λ be a virtually Gorenstein finite-dimensional k-algebra over a field k and let
T be a cluster tilting object in the triangulated category GprojΛ. Assume that GprojΛ is weakly
2-Calabi-Yau: XDTrA – Ω
´1A, naturally in GprojΛ, for any finitely generated Gorenstein-projective
module A.
(i) If the quiver Q of EndΛpT q
op has no oriented cycles, then there is a triangle equivalence
GprojΛ
«
ÝÑ CQ
(ii) If Λ is of finite CM-type and GprojΛ is standard, then there is a triangle equivalence
GprojΛ
«
ÝÑ CQ{G
where CQ{G is the orbit category of CQ under the action of some cyclic group G of auto-
morphisms.
(iii) If GprojΛ is 2-Calabi-Yau and the algebra EndΛpT q
op is of finite CM-type, then the stable
Cohen-Macaulay Auslander algebra ApGproj EndΛpT q
opq of Gproj EndΛpT q
op is self-injective
and the stable triangulated category mod-ApGproj EndΛpT q
opq is 8-Calabi-Yau.
Proof. (i) Since Γ :“ EndΛpT q
op is Gorenstein with idΓ Γ ď 1, the assumption implies that Γ is
hereditary. Then the assertion follows from [50]. Part (ii) follows easily from Amiot’s results [1].
Finally part (iii) follows from Lemma 7.3 and the fact that GprojΛ being 2-Calabi-Yau implies that
Gproj EndΛpT q
op is 3-Calabi-Yau, see [49]. 
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The following consequence shows that derived equivalent algebras satisfying the conditions of the
above corollary share the same (orbit category of the) associated cluster category.
Corollary 7.5. Let Λ and Γ be derived equivalent algebras. Assume that Λ is virtually Gorenstein
and the stable triangulated category GprojΛ is (weakly) 2-Calabi-Yau and admits a cluster tilting
object T .
(i) GprojΓ is (weakly) 2-Calabi-Yau and admits a cluster tilting object S.
(ii) If the quiver QΛ of EndΛpT q
op has no oriented cycles, then so does the quiver QΓ of
EndΓpSq
op and the associated cluster categories are triangle equivalent: CQΛ « CQΓ .
(iii) If Λ is of finite CM-type and GprojΛ is standard, then Γ is of finite CM-type and the
associated orbit categories of the cluster categories of QΛ and QΓ are triangle equivalent:
CQΛ{G « CQΓ{G
1.
Proof. It is shown in [26] that if Λ and Γ are derived equivalent Artin algebras, then Λ is virtually
Gorenstein if and only if so is Γ. Moreover in this case there is induced a triangle equivalence
between GprojΛ and GprojΓ. Then the assertions follow directly from Corollary 7.4. 
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